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Certain Generalization of Appell’s
Functions and Riemann–Liouville
Fractional Derivative Operator
and Their Applications

Saddam Husain and Nabiullah Khan

Abstract Here, the Riemann–Liouville fractional derivative operator concept and
a new and interesting extended form of Appell’s functions are discussed. We dis-
covered new formulae for fractional derivatives of various well-known functions in
terms of new extended Appell’s hypergeometric functions of two variables and Lau-
ricella hypergeometric functions of three variables, with a view toward the analytic
properties and application of the new Riemann–Liouville-type fractional derivative
operator. Additionally, we defined the Mellin transformations of that function. Next,
we created generating functions for generalized extended hypergeometric functions
to validate our new operator using an extended Riemann–Liouville fractional deriva-
tive operator and a new definition of extended Appell’s functions.

1 Introduction and Preliminaries

Many generalizations and extensions of special functions and mathematical physics
have been investigated in the past several years. In particular, special functions involv-
ing more than one variable provide a new variety of mathematical techniques for
resolving huge classes of partial differential equations that are frequently encountered
in physical problems. Most mathematical physics, special functions, and their gen-
eralizations are motivated by physical considerations. In which Riemann–Liouville
fractional derivative operator plays an important role. The Riemann–Liouville frac-
tional derivative operator offers a powerfulmathematical tool for capturing the behav-
ior of non-integer order systems, incorporating memory effects, and describing pro-
cesses with fractal and self-similar properties. Its wide range of applications and
its compatibility with existing mathematical frameworks make it a valuable tool for
researchers and practitioners in various disciplines. Motivated by their importance
in various fields, recently Özarslan et al. [16] studied the extended Appell’s func-
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204 S. Husain and N. Khan

tion using the extended beta function given by Chaudhary et al. [4]. He defined the
Riemann–Liouville fractional derivative operator and found the formula of some
well-known functions. Furthermore, he defined their Millen transform and some
generating relations for extended hypergeometric functions via a generalized frac-
tional derivative operator. In 2022, Sadek [19–21] gave various ideas related to frac-
tional derivative operators and related problems like fractional backward differentia-
tion formulas for solving fractional differential matrix equations, controllability, and
observability for fractal linear dynamical systems and stability of conformable linear
infinite-dimensional systems and stability of conformable linear infinite-dimensional
systems. After that, in 2023, Sadek et al. [22, 23] gave another idea for a new type
of fractional derivatives involving exponential cotangent function in their kernels
and also discussed their applications and a new numerical approach to solving the
fractional differential Riccati equations (FDRC) numerically. Khan et al. [7] stud-
ied the extended beta function with the help of the Mittag-Leffler function in two
parameters and discussed their application. Inspired by the work mentioned earlier,
in this paper, we will study the further generalization of Appell’s functions, and
the Riemann–Liouville fractional derivative operator using extended beta functions
given by khan et al. [7].

Throughout the paper, the set of all real numbers is represented by the symbol
R. The set of natural numbers is represented by the symbol N. The set of complex
numbers by the symbol C. The set of positive real numbers is represented by the
symbol R+ and the set of non-negative real numbers by the symbol R+

0 . Due to
importance of special functions many authors (see more details in [6–12, 15, 17])
have recently developed extensions to the Euler beta function, gamma function,
Gauss hypergeometric function, confluent hypergeometric function, and many other
functions. Below, we mentioned some well-known helpful definitions as we were
required to discuss our main problem as follows:

Definition 1 The Euler beta function is defined as [2, 4]:

B(κ1, κ2) =
1∫

0

τ κ1−1 (1 − τ)κ2−1dτ,

(�(κ1) > 0, �(κ2) > 0).

The classicalGauss hypergeometric function F(κ1, κ2; κ3; z) and confluent hyper-
geometric function �(κ2; κ3; z) are defined as [18]

F(κ1, κ2; κ3; z) = 1

B(κ2, κ3 − κ2)

1∫

0

τ κ2−1 (1 − τ)κ3−κ2−1 (1 − zτ)−κ1 dτ, (1)

( | arg(1 − z)| < π; �(κ3) > �(κ2) > 0 ),
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�(κ2; κ3; z) = 1

B(κ2, κ3 − κ2)

1∫

0

τ κ2−1 (1 − τ)κ3−κ2−1 exp (zτ) dτ, (2)

( �(κ3) > �(κ2) > 0 ).

By using the series expansion of (1 − zτ)−κ1 and exp(zτ) in (1) and (2), respec-
tively, the hypergeometric and confluent hypergeometric functions are written in
terms of beta function as

F(κ1, κ2; κ3; z) =
∞∑

n=0

(κ1)n
B(κ2 + n, κ3 − κ2)

B(κ2, κ3 − κ2)

zn

n! , (3)

( |z| < 1, �(κ3) > �(κ2) > 0),

and

�(κ2; κ3; z) =
∞∑

n=0

B(κ2 + n, κ3 − κ2)

B(κ2, κ3 − κ2)

ωn

n! , (4)

(|z| < 1, �(κ3) > �(κ2) > 0).

A new extended beta function in terms of extended Mittag-Leffler function given
by Khan et al. [7] is defined as follows:

B℘,η,ν

α,β (κ1, κ2) =
1∫

0

τ κ1−1 (1 − τ)κ2−1 Eα,β

(
− ℘

τη(1 − τ)ν

)
dτ, (5)

(�(κ1) > 0, �(κ2) > 0;α, β, η, ν ∈ R
+
0 ; ℘ ≥ 0).

Here, Eα,β(.) is known as two-parameter Mittag-Leffler function [13, 14] defined
as follows:

Eα,β (z) =
∞∑

n=0

zn

�(αn + β)
, (α, β ∈ R

+
0 , z ∈ C).

With the help of new extended beta functions (5), the extended Gauss hypergeo-
metric and confluent hypergeometric functions and their integral representation are
defined as follows:
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F℘,η,ν

α,β (κ1, κ2; κ3; z) =
∞∑

n=0

(a)n

B℘,η,ν

α,β (κ2 + n, κ3 − κ2)

B(κ2, κ3 − κ2)

zn

n! , (6)

(℘ ≥ 0, |z| < 1, α, β, η, ν ∈ R
+
0 , �(κ3) > �(κ2) > 0),

�
℘,η,ν

α,β (κ2; κ3; z) =
∞∑

n=0

B℘,η,ν

α,β (κ2 + n, κ3 − κ2)

B(κ2, κ3 − κ2)

zn

n! , (7)

(℘ ≥ 0, α, β, η, ν ∈ R
+
0 , �(κ3) > �(κ2) > 0).

F℘,η,ν
α,β (κ1, κ2; κ3; z) = 1

B(κ2, κ3 − κ2)

×
1∫

0

τκ2−1 (1 − τ)κ3−κ2−1 (1 − zτ)−κ1 Eα,β

(
− ℘

τη(1 − τ)ν

)
dτ,

(8)

(℘ ∈ R
+
0 , α, β, η, ν ∈ R

+
0 and | arg(1 − z)| < π; �(κ3) > �(κ2) > 0),

and

�
℘,η,ν

α,β (κ2; κ3; z) = 1

B(κ2, κ3 − κ2)

×
1∫

0

τ κ2−1 (1 − τ)κ3−κ2−1 ezτ Eα,β

(
− ℘

τη(1 − τ)ν

)
dτ,

(9)

(℘ ∈ R
+
0 , α, β, η, ν ∈ R

+
0 and �(κ3) > �(κ2) > 0).

This research aims to investigate the extended Riemann–Liouville fractional deriva-
tive operator, determine the formula of some known functions through the use of
extended Appell’s functions, and discuss the generating functions of generalized
extended hypergeometric functions through the application of a new generalized
extended fractional derivative operator. Here is a summary of our paper.
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In Sect. 2, we define a generalization of two variables’ extended Appell’s func-
tion F℘,η,ν

1;α,β (κ1, κ2, κ3; κ4; x, y), F℘,η,ν

2;α,β (κ1, κ2, κ3; κ4, κ5; x, y) and a generalized

extended Lauricella’s hypergeometric functions of three variables F3,α,β,η,ν
D,℘ (κ1, κ2, κ3,

κ4; κ5; x, y, z). Also, we study integral transforms of generalized extended Appell’s
function of two variables. In Sect. 3, we define generalized extended Riemann–
Liouville fractional derivative operator with the help of extended beta function and
find fractional derivative formula of some known functions. In Sect. 4, we introduce
the Mellin transform of extended Riemann–Liouville fractional derivative. Finally,
in Sect. 5, we derive the generating function of generalized extended hypergeometric
functions by using extended fractional derivative operator.

2 An Extended Appell’s Functions

Let us define the further extensions of Appell’s functions of two variables F℘,η,ν

1;α,β

(κ1, κ2, κ3; κ4; x, y), F℘,η,ν

2;α,β (κ1, κ2, κ3; κ4, κ5; x, y) as well as Lauricella’s hyperge-

ometric function of three variables F3,α,β,η,ν

D,℘ (κ1, κ2, κ3, κ4; κ5; x, y, z) with the help
of new extended beta functions (5) as follows:

F℘,η,ν

1;α,β (κ1, κ2, κ3; κ4; x, y) =
∞∑

n,m=0

B℘,η,ν

α,β (κ1 + m + n, κ4 − κ1)

B(κ1, κ4 − κ1)
(κ2)n(κ3)m

xn

n!
ym

m! ,
(10)

(max{|x |, |y|} < 1 ; α, β, ϑ, ν ∈ R
+ and ℘ ≥ 0).

F℘,η,ν

2;α,β,(κ1, κ2, κ3; κ4, κ5; x, y)

=
∞∑

n,m=0

(κ1)m+nB℘,η,ν

α,β (κ2 + n, κ4 − κ2)B℘,η,ν

α,β (κ3 + m, κ5 − κ3)

B(κ2, κ4 − κ2)B(κ3; κ5 − κ3)

xn

n!
ym

m! , (11)

(|x | + |y| < 1; α, β, ϑ, ν,∈ R
+ and ℘ ≥ 0).

F3,α,β,η,ν

D,℘ (κ1, κ2, κ3, κ4; κ5; x, y, z)

=
∞∑

n,m,r=0

B℘,η,ν

α,β (κ1 + m + n + r, κ5 − κ1)(κ2)m(κ3)n(κ4)r

B(κ1, κ5 − κ1)

xn

n!
ym

m!
zr

r ! , (12)

(
√|x | + √|y| + √|z| < 1 ; α, β, ϑ, ν ∈ R

+
0 and ℘ ≥ 0).
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Remark 1 If α = β = ν = η = 1 in (10), (11) and (12) then we get the well-known
result defined by Özarslan et al. (see [16] Eq. 3, 4, 5).

3 Integral Representation

In this section, we discuss the integral representation of F℘,η,ν

1;α,β (κ1, κ2, κ3; κ4; x, y)

and F℘,η,ν

2;α,β (κ1, κ2, κ3; κ4, κ5; x, y) as follows:

Theorem 1 The following integral representation of F℘,η,ν

1;α,β (κ1, κ2, κ3; κ4; x, y)

holds true:
F℘,η,ν

1;α,β (κ1, κ2, κ3; κ4; x, y)

= �(κ4)

�(κ1)�(κ4 − κ1)

1∫

0

τκ1−1(1 − τ)κ4−κ1−1(1 − xτ)−κ2 (1 − yτ)−κ3 Eα,β

( −℘

τη(1 − τ)ν

)
dτ,

(13)

(℘ ≥ 0 , |arg(1 − x)| < π, |arg(1 − y)| < π; �(κ4) > �(κ1) > 0 )

(�(κ2) > 0, �(κ3) > 0; η, ν, α, β ∈ R
+
0 ).

Proof Let us assume that if |x | < 1, |y| < 1, �(κ2) > 0 and �(κ3) > 0. By
using the binomial expansion of (1 − xτ)−κ2 and (1 − yτ)−κ3 and considering the
fact that the series involved are uniformly convergent and the given integral

1∫

0

τ κ1+m+n−1(1 − τ)κ4−κ1−1Eα,β

( −℘

τη(1 − τ)ν

)
dτ,

is absolutely convergent for m, n ∈ N0,�(κ4) > �(κ1) > 0; η, ν, α, β ∈ R
+ and

℘ ≥ 0 because of the fact that

∣∣∣∣∣∣
1∫

0

τκ1+m+n−1(1 − τ)κ4−κ1−1Eα,β

( −℘

τη(1 − τ)ν

)
dτ

∣∣∣∣∣∣ ≤
1∫

0

τκ1+m+n−1(1 − τ)κ4−κ1−1dτ,

we have by interchanging the order of summation and integration that
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1∫

0

τ κ1−1(1 − τ)κ4−κ1−1(1 − xτ)−κ2(1 − yτ)−κ3 Eα,β

( −℘

τη(1 − τ)ν

)
dτ

=
1∫

0

τ κ1−1(1 − τ)κ4−κ1−1Eα,β

( −℘

τη(1 − τ)ν

) ∞∑
n=0

(κ2)n
(xτ)n

n!
∞∑

m=0

(κ3)m
(yτ)m

m! dτ

=
∞∑

n=0

∞∑
m=0

(κ2)n(κ3)m
xn

n!
ym

m!
1∫

0

τ κ1+m+n−1(1 − τ)κ4−κ1−1Eα,β

( −℘

τη(1 − τ)ν

)
dτ

=
∞∑

n,m=0

B℘,η,ν

α,β (κ1 + m + n, κ4 − κ1)(κ2)n(κ3)m
xn

n!
ym

m!

=B(κ1, κ4 − κ1)

∞∑
n,m=0

B℘,η,ν

α,β (κ1 + m + n, κ4 − κ1)

B(κ1, κ4 − κ1)
(κ2)n(κ3)m

xn

n!
ym

m!

=�(κ1)�(κ4 − κ1)

�(κ4)
F℘,η,ν

1;α,β (κ1, κ2, κ3; κ4; x, y).

�

Theorem 2 The following integral representation of F p,η,ν

2;α,β (κ1, κ2, κ3; κ4, κ5; x, y)

holds true:

F℘,η,ν,

2;α,β, (κ1, κ2, κ3; κ4, κ5; x, y) = 1

B(κ2, κ4 − κ2)B(κ3, κ5 − κ3)

×
1∫

0

1∫

0

τ κ2−1(1 − τ)κ4−κ2−1sκ3−1(1 − s)κ5−κ3−1

(1 − xτ − ys)κ1

× Eα,β

( −℘

sη(1 − s)ν

)
Eα,β

( −℘

sη(1 − s)ν

)
dτ ds,

(14)
(℘ ≥ 0; |x | + |y| < 1; �(κ4) > �(κ2) > 0; �(κ5) > �(κ3) > 0; �(κ1) > 0; α, β, η, ν ∈ R

+).

Proof Suppose that |x | + |y| < 1 and �(κ1) > 0 expanding (1 − xτ − ys)κ1 , we
get

1∫

0

1∫

0

τκ2−1(1 − τ)κ4−κ2−1sκ3−1(1 − s)κ5−κ3−1

(1 − xτ − ys)κ1
Eα,β

( −℘

sη(1 − s)ν

)
Eα,β

( −℘

sη(1 − s)ν

)
dτ ds
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=
1∫

0

1∫

0

τκ2−1(1 − τ)κ4−κ2−1Eα,β

( −℘

sη(1 − s)ν

)
sκ3−1(1 − s)κ5−κ3−1Eα,β

( −℘

sη(1 − s)ν

)

×
∞∑

N=0

(κ1)N (xτ + ys)N

N ! dτ ds,

we know that the summation formula,

{ ∞∑
N=0

f (N )
(x + y)N

N ! =
∞∑

n=0

∞∑
m=0

f (m + n)
xn ym

n!m!

}
.

We obtain

=
∞∑

n=0

∞∑
m=0

(κ1)m+n

1∫

0

1∫

0

τ κ2−1(1 − τ)κ4−κ2−1Eα,β

( −℘

sη(1 − s)ν

)

× sκ3−1(1 − s)κ5−κ3−1Eα,β

( −℘

sη(1 − s)ν

)
(xτ)n

n!
(ys)m

m! dtds

=
∞∑

n=0

∞∑
m=0

(κ1)m+n

1∫

0

τ κ2+n−1(1 − τ)κ4−κ2−1Eα,β

( −℘

sη(1 − s)ν

)
dτ

×
1∫

0

sκ3+m−1(1 − s)κ5−κ3−1Eα,β

( −℘

sη(1 − s)ν

)
ds

xn ym

n!m!

=
∞∑

n=0

∞∑
m=0

(κ1)m+nB℘,η,ν

α,β (κ2 + n, κ4 − κ2)B℘,η,ν

α,β (κ3 + m, κ5 − κ3)
xn ym

n!m!
=B(κ2, κ4 − κ2)B(κ3, κ5 − κ3)F℘,η,ν,

2;α,β (κ1, κ2, κ3; κ4, κ5; x, y).

Hence, we get the desired result (14). �

4 An Extended Riemann–Liouville Fractional Derivative

Thewell-known classical Riemann–Liouville fractional derivative of orderϑ defined
as

Dϑ
z { f (z)} = 1

�(−ϑ)

z∫

0

f (τ )(z − τ)−ϑ−1dτ, (�(ϑ) < 0),

where the line on complex τ plane that goes from 0 to z and for j − 1 < �(ϑ) < j
such that j = 1, 2, 3, ...., we have
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Dϑ
z { f (z)} = d j

dz j
Dϑ− j

z { f (z)}

= d j

dz j

⎧⎨
⎩

1

�( j − ϑ)

z∫

0

f (τ )(z − 1)−ϑ+ j−1dτ

⎫⎬
⎭ .

The study of fractional calculus has become a popular research subject due to
its numerous applications in diverse fields of science and engineering, including
fluid flow, electrical networks, and probability theory. Srivastava et al. [24] and
several authors [3, 5] provide a well-organized summary of the research on the
topic of fractional calculus and its applications, and this is a valuable contribution.
Srivastava and Manocha [25] also provide an explanation for the application of
fractional derivatives in generating functions theory.

After introducing new parameters, we proposed an extended Riemann–Liouville
fractional derivative operator using the Mittag-Leffler function as a kernel operator
defined as follows:

Dϑ,p,η,ν

z;α,β { f (z)} = 1

�(−ϑ)

z∫

0

f (τ )(z − τ)−ϑ−1Eα,β

( −℘zη+ν

τ n(z − τ)ν

)
dτ, (15)

(�(ϑ) < 0; �(p) > 0; p = 0; η, ν, α, β ∈ R
+
0 ),

and for j − 1 < �(ϑ) < j such that j = 1, 2, 3, ....
Here, an extended Riemann–Liouville fractional derivative operator Dϑ,p,η,ν

z;α,β

has an important semi-group property (or convolution property), i.e., Dϑ,p,η,ν

z;α,β ∗
Dζ,p,η,ν

z;α,β = Dϑ+ζ,p,η,ν

z;α,β for arbitrary �(ϑ) < 0 and �(ζ ) < 0.

Dϑ,p,η,ν
z;α,β

{ f (z)} = d j

dz j
Dϑ− j

z { f (z)}

= d j

dz j

⎧⎨
⎩

1

�( j − ϑ)

z∫

0

f (τ )(z − 1)−ϑ+ j−1Eα,β

( −℘zη+ν

τn(z − τ)ν

)
dτ

⎫⎬
⎭ ,

where the integration path is a line in the complex t-plane from 0 to z.

Remark 2 TheclassicalRiemann–Liouville fractional derivative operator is obtained
when℘ = α = β = ϑ = η = 0 and if α = β = ϑ = η = 1 in (15) thenwe obtained
the known result (see [16], Eq. 6).
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5 Applications

The generalized Riemann–Liouville fractional derivative operator has been used to
compute the fractional derivative formulae of a few fundamental functions in the
following theorems.

Theorem 3 The following relation holds true:

Dϑ,℘,η,ν

z,α,β (z�) = z�−ϑ

�(−ϑ)
B℘,η,ν

α,β (� + 1,−ϑ), (16)

(�(�) > −1; �(ϑ) < 0; α, β, η, ν ∈ R
+; ℘ ≥ 0).

Proof By using (15), we have

Dϑ,℘,η,ν

z,α,β (z�) = 1

�(−ϑ)

z∫

0

τ�(z − τ)−ϑ−1Eα,β

( −℘zη+ν

τ η(z − τ)ν

)
dτ,

by putting τ = zv, dτ = zdv in above equation, we get

= 1

�(−ϑ)

z∫

0

(zv)�(z − zv)−�−1Eα,β

( −℘zη+ν

zη+νvn(1 − v)ν

)
zdv

= z�+ϑ

�(−ϑ)

1∫

0

v�(1 − v)−ϑ−1Eα,β

( −p

vη(1 − v)ν

)
du

= z�−ϑ

�(−ϑ)
B℘,η,ν

α,β (� + 1,−ϑ).

Thus, we obtain what we want. �

Theorem 4 For �(�) > 0; �(κ1) > 0; �(ϑ) < 0 and |z| < 1, the following rela-
tion holds true:

D�−ϑ,℘,η,ν

z;α,β

{
z�−1(1 − z)−κ1

} = �(�)

�(ϑ)
zϑ−1F℘,η,ν

α,β (κ1, �;ϑ; z). (17)

Proof Using (15), we have

D�−ϑ,℘,η,ν

z;α,β

{
z�−1(1 − z)−κ1

}
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= 1

�(ϑ − �)

z∫

0

τ�−1(1 − τ)−κ1(z − τ)ϑ−�−1Eα,β

( −℘zη+ν

τ η(z − τ)ν

)
dτ,

= zϑ−�−1

�(ϑ − �)

z∫

0

τ�−1(1 − τ)−κ1(1 − τ

z
)ϑ−�−1Eα,β

( −℘zη+ν

τ n(z − τ)ν

)
dτ.

By inserting τ = zv, dτ = zdv in the above equation, we have

= zϑ−�−1

�(ϑ − �)

1∫

0

(zv)�−1(1 − zv)−κ1(1 − v)ϑ−�−1Eα,β

( −℘zη+ν

zη+νvη(1 − v)ν

)
zdv,

= zϑ−1

�(ϑ − �)

1∫

0

v�−1(1 − v)ϑ−�−1(1 − zv)−κ1 Eα,β

( −p

vη(1 − v)ν

)
dv.

Using (8) in the above expression, we get

D�−ϑ,℘,η,ν

z;α,β

{
z�−1(1 − z)−κ1

} = zϑ−1

�(ϑ − �)
B(�, ϑ − �)F℘,η,ν

α,β (κ1, �;ϑ; z)

= zϑ−1

�(ϑ − �)

�(�)�(ϑ − �)

�(ϑ)
F℘,η,ν

α,β (κ1, �;ϑ; z)

= �(�)

�(ϑ)
zϑ−1F℘,η,ν

α,β (κ1, �;ϑ; z).

Thus, we arrive at the desired result. �

Theorem 5 For �(�) > �(ϑ) > 0, �(γ ) > 0, �(δ) > 0, |κ1z| < 1, and |κ2z| < 1,
the following relation holds true:

D�−ϑ,℘,η,ν

z;α,β

{
z�−1(1 − κ1z)−γ (1 − κ2z)−δ

}
= zϑ−1 �(�)

�(ϑ)
F℘,η,ν

1;α,β
(�, γ, δ, ε; ϑ; κ1z, κ2z). (18)

Proof By using (15), we have

D�−ϑ,℘,η,ν

z;α,β

{
z�−1(1 − κ1z)−γ (1 − κ2z)−δ

}

= 1

�(ϑ − �)

z∫

0

τ�−1(1 − κ1τ)−γ (1 − κ2τ)−δ Eα,β

( −℘zη+ν

τ n(z − τ)ν

)
(z − τ)ϑ−�−1dτ,

= zϑ−�−1

�(ϑ − �)

z∫

0

τ�−1(1 − κ1τ)−γ (1 − κ2τ)−δ(1 − τ

z
)ϑ−�−1Eα,β

( −℘zη+ν

τ η(z − τ)ν

)
dτ.
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Putting τ = zv, dτ = zdv,

= zϑ−�−1

�(ϑ − �)

z∫

0

(zv)�−1(1 − κ1vz)−γ (1 − κ2vz)−δ(1 − v)ϑ−�−1Eα,β

( −℘zη+ν

(zv)η(1 − zv)ν

)
zdv

= zϑ−1

�(ϑ − �)

z∫

0

(v)�−1(1 − κ1vz)−γ (1 − κ2vz)−δ(1 − v)ϑ−�−1Eα,β

( −℘

vη(1 − v)ν

)
dv.

Applying definition (13) in the above expression, we get

D�−ϑ,℘,η,ν

z;α,β

{
z�−1(1 − κ1z)−γ (1 − κ2z)−δ

} = zϑ−1

�(ϑ − �)

�(�)�(ϑ − �)

�(ϑ)

× F℘,η,ν

1;α,β (�, γ, δ;ϑ; κ1z, κ2z)

=zϑ−1 �(�)

�(ϑ)
F℘,η,ν

1;α,β (�, γ, δ;ϑ; κ1z, κ2z).

We complete the proof of this theorem. �

Theorem 6 For �(�) > �(ϑ) > 0, �(γ ) > 0, �(δ) > 0, �(ε) > 0, |κ1z| < 1,
|κ2z| < 1, and |κ3z| < 1, the following relation holds true:

D�−ϑ,℘,η,ν

z;α,β

{
z�−1(1 − κ1z)−γ (1 − κ2z)−δ(1 − κ3z)−ε

}

=zϑ−1 �(�)

�(ϑ)
F3,η,ν

D,p,α,β(�, γ, δ, ε;ϑ; κ1z, κ2z, κ3z), (19)

(α, β, η, ν ∈ R
+ and ℘ ≥ 0).

Proof With the help of (18), we get

D�−ϑ,℘,η,ν

z;α,β

{
z�−1(1 − κ1z)−γ (1 − κ2z)−δ(1 − κ3z)−ε

}

= zϑ−1

�(ϑ − �)

∞∑
m,n,r=0

(γ )m(δ)n(ε)r

m!n!r ! κm
1 κn

2 κr
3 B℘,η,ν

α,β (� + m + n + r, ϑ − �)zm+n+r

=B(�, ϑ − �)

�(ϑ − �)
zϑ−1

∞∑
m,n,r=0

B℘,η,ν

α,β (� + m + n + r, ϑ − �)

B(�, ϑ − �)

(γ )m(δ)n(ε)r

m!n!r !
×κm

1 κn
2 κr

3(κ1z)m(κ2z)n(κ3z)r

=zϑ−1 �(�)

�(ϑ)
F3,η,ν

D,℘,α,β(�, γ, δ, ε;ϑ; κ1z, κ2z, κ3z).

Thus, we obtain what we want. �
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Theorem 7 For �(�) > �(ϑ) > 0, �(κ1) > 0, �(κ2) > 0, �(γ ) > 0, and
∣∣ x
1−z

∣∣ <

1, the following relation holds true:

D�−ϑ,℘,η,ν

z;α,β

{
z�−1(1 − z)−κ1 F℘,η,ν

α,β (κ1, κ2; γ ; x

1 − z
)

}

= 1

B(κ2, γ − κ2)�(ϑ − �)
zϑ−1F℘,η,ν

2;α,β (κ1, κ2, �; γ, ϑ; x, z), (20)

(α, β, η, ν ∈ R
+ and ℘ ≥ 0).

Proof By using the relation (15) and (11), we obtain

D�−ϑ,℘,η,ν

z;α,β

{
z�−1(1 − z)−κ1 F℘,η,ν

α,β (κ1, κ2; γ ; x

1 − z
)

}

=D�−ϑ,℘,η,ν

z;α,β

{
z�−1(1 − z)−κ1

1

B(κ2, γ − κ2)

∞∑
n=0

(κ1)nB℘,η,ν
α,β (κ2 + n, γ − κ2)

n!
(

x

1 − z

)n
}

= 1

B(b, γ − b)
D�−ϑ,℘,η,ν

z;α,β

{
z�−1

∞∑
n=0

(κ1)nB℘,η,ν
α,β (κ2 + n, γ − κ2)

xn

n! (1 − z)−κ1−n

}

= 1

B(κ2, γ − κ2)

∞∑
n=0

(κ1)nB℘,η,ν
α,β (κ2 + n, γ − κ2)

xn

n! D�−ϑ,p,η,ν

z;α,β

{
z�−1(1 − z)−κ1−n

}

= 1

B(κ2, γ − κ2)

∞∑
n=0

(κ1)nB℘,η,ν
α,β (κ2 + n, γ − κ2)

xn

n!
zϑ−1

�(ϑ − �)
B(�, ϑ − �)

× F℘,η,ν
α,β (κ1 + n, �; ϑ; z)

= zϑ−1

B(κ2, γ − κ2)�(ϑ − �)

∞∑
n=0

(κ1)nB℘,η,ν
α,β (κ2 + n, γ − κ2)

xn

n! B(�, ϑ − �)

× F℘,η,ν
α,β (κ1 + n, �; ϑ; z)

= zϑ−1

B(κ2, γ − κ2)�(ϑ − �)

×
∞∑

n=0

(κ1)nB℘,η,ν
α,β (κ2 + n, γ − κ2)

xn

n! B(�, ϑ − �)

∞∑
m=0

(κ1 + n)m
B℘,η,ν

α,β (� + m, ϑ − �)

B(�, ϑ − �)

zm

m!

= zϑ−1

B(κ2, γ − κ2)�(ϑ − �)

∞∑
n,m=0

(κ1)n(κ1 + n)mB℘,η,ν
α,β (κ2 + n, γ − κ2)B℘,η,ν

α,β (� + m, ϑ − �)

× xn zm

n!m!
= zϑ−1

B(κ2, γ − κ2)�(ϑ − �)

∞∑
n,m=0

(κ1)n+mB℘,η,ν
α,β (κ2 + n, γ − κ2)B℘,η,ν

α,β (� + m, ϑ − �)
xn zm

n!m!
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= 1

B(κ2, γ − κ2)

∞∑
n,m=0

B℘,η,ν
α,β (κ2 + n, γ − κ2)

xn

n!
(κ1)n+m

m!
B℘,η,ν

α,β (� + m, ϑ − �)

�(ϑ − �)
zϑ+m−1

= 1

B(κ2, γ − κ2)�(ϑ − �)
zϑ−1F℘,η,ν

2;α,β
(κ1, κ2, �; γ, ϑ; x, z).

�

Thus, we obtain what we want.

Example 1 Let f (z) = ∑∞
n=0 anzn be a power series expansion of an analytic func-

tion f(z) in the disk |z| < ρ, then following relation holds:

Dϑ,℘,η,ν

z;α,β

{
z�−1 f (z)

} =Dϑ,℘,η,ν

z;α,β

{
z�−1

∞∑
n=0

anzn

}

= z�−ϑ−1

�(−ϑ)

∞∑
n=0

anB℘,η,ν

α,β (� + n,−ϑ)zn,

(�(�) > 0, �(ϑ) < 0, α, β, η, ν ∈ R
+ and ℘ ≥ 0).

Proof We have

Dϑ,℘,η,ν

z;α,β

{
z�−1 f (z)

}
=Dϑ,℘,η,ν

z;α,β

{
z�−1

∞∑
n=0

an zn

}

=
∞∑

n=0

anDϑ,℘,η,ν

z;α,β

{
z�+n−1

}

= z�−ϑ−1

�(−ϑ)

∞∑
n=0

anB℘,η,ν
α,β (� + n,−ϑ)zn

= 1

�(−ϑ)

z∫

0

t�−1
∞∑

n=0

anτη(z − τ)−ϑ−1Eα,β

( −℘zη+ν

τ η(z − τ)ν

)
dτ

= z−ϑ−1

�(−ϑ)

z∫

0

τ�−1
∞∑

n=0

anτη(1 − τ

z
)−ϑ−1Eα,β

(
−℘

( τ
z )η(1 − τ

z )ν

)
dτ,

if we choose τ
z = u then zdu = dτ , putting this value in above expression, we

have
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= zϑ−1

�(−ϑ)

1∫

0

(uz)�−1
∞∑

n=0

an(uz)n(1 − u)−ϑ−1Eα,β

( −℘

uη(1 − u)ν

)
zdu

= z�−ϑ−1

�(−ϑ)

1∫

0

(u)�−1(1 − u)−ϑ−1Eα,β

( −℘

uη(1 − u)ν

) ∞∑
n=0

an(uz)ndu.

By using uniformly convergent condition

=
∞∑

n=0

an
z�+n−ϑ−1

�(−ϑ)

1∫

0

u�+n−1(1 − u)−ϑ−1Eα,β

( −℘

uη(1 − u)ν

)
du

=
∞∑

n=0

an
z�+n−ϑ−1

�(−ϑ)
B℘,η,ν

α,β (� + n,−ϑ)

= z�−ϑ−1

�(−ϑ)

∞∑
n=0

anB℘,η,ν

α,β (� + n,−ϑ)zn.

Hence proved. �

6 Mellin Transforms

This section dealswith significantMellin transformand extendedRiemann–Liouville
fractional derivative operator, which have been defined as follows:

Theorem 8 The Mellin transform of an extended Riemann–Liouville fractional
derivative operator is defined in (15) as follows:

M
[
Dϑ,℘,η,ν

z,α,β {z� : s}
]

= �
α,β

(s)

�(−ϑ)
B(� + ηs + 1, νs − ϑ)z�−ϑ , (21)

(�(�) > −1, �(ϑ) < 0, �(s) > 0, α, β, η, ν ∈ R
+ and ℘ ≥ 0).

Proof By using definition of Mellin transform and (15), we have

M
[
Dϑ,℘,η,ν

z,α,β {z� : s}
]
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=
∞∫

0

Ps−1Dϑ,℘,η,ν

z;α,β (z�)dP

= 1

�(−ϑ)

∞∫

0

Ps−1

z∫

0

τ�(z − τ)−ϑ−1Eα,β

( −℘zη+ν

τ η(z − τ)ν

)
dτdP

= z−ϑ−1

�(−ϑ)

∞∫

0

Ps−1

z∫

0

τ�(1 − τ

z
)−ϑ−1Eα,β

( −℘zη+ν

τ η(z − τ)ν

)
dτdP

= z−ϑ−1

�(−ϑ)

∞∫

0

Ps−1

1∫

0

u�z�(1 − u)−ϑ−1Eα,β

( −℘

uη(1 − u)ν

)
z du dP,

since
1∫

0

u�(1 − u)−ϑ−1Eα,β

( −℘

uη(1 − u)ν

)
du,

and ∞∫

0

Ps−1Eα,β

( −℘

uη(1 − u)ν

)
dP,

are absolutely convergent, the order of integration will be interchanged and we have

= z−ϑ−1

�(−ϑ)

1∫

0

u�(1 − u)−ϑ−1

∞∫

0

Ps−1Eα,β

( −℘

uη(1 − u)ν

)
dPdu.

If we put γ = P
uη(1−u)ν

implies uη(1 − u)νdγ = dP, then we see that

= z−ϑ−1

�(−ϑ)

1∫

0

u�(1 − u)−ϑ−1

∞∫

0

(γ uη(1 − u)ν)
s−1 Eα,β(−γ )uη(1 − u)νdγ du

= z�−ϑ

�(−ϑ)

1∫

0

u�+ηs(1 − u)νs−ϑ−1

∞∫

0

γ s−1Eα,β(−γ )dγ du

= �
α,β

(s)

�(−ϑ)
z�−ϑ

1∫

0

u�+ηs(1 − u)νs−ϑ−1du

= �
α,β

(s)

�(−ϑ)
B(� + ηs + 1, νs − ϑ)z�−ϑ .
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Thus, we complete the proof of this theorem. �

Theorem 9 The following relation holds true:

M
[
Dϑ,℘,η,ν

z,α,β

{
(1 − z)−κ1

} : s
]

= �
α,β

(s)

�(−ϑ)
z−ϑ

∞∑
n=0

(κ1)n

n! znB(n + ηs + 1, νs − ϑ),

(22)
(�(κ1 > 0, �(s) > 0), �(ϑ) < 0, α, β, η, ν ∈ R

+, ℘ ≥ 0 and |z| < 1).

Proof By using binomial expansion of (1 − z)−κ1 and (21), we get

M
[
Dϑ,℘,η,ν

z,α,β

{
(1 − z)−κ1

} : s
]

=
∞∑

n=0

(κ1)n

n! M
[
Dϑ,℘,η,ν

z,α,β

{
zn

} : s
]

= �
α,β

(s)

�(−ϑ)

∞∑
n=0

(κ1)n

n! B(n + ηs + 1, νs − ϑ)zn−ϑ

= �
α,β

(s)

�(−ϑ)
z−ϑ

∞∑
n=0

(κ1)n

n! znB(n + ηs + 1, νs − ϑ).

Hence, we achieve the desired result (22). �

7 Generating Functions for an Extended Hypergeometric
Functions

In this part, we will explore using extended Appell’s functions and the fractional
derivative operator to construct generating functions for extended hypergeometric
functions.

Theorem 10 The following relation of extended hypergeometric function holds true:

∞∑
n=0

(�)n

n! F℘,η,ν

α,β (� + n, κ1; κ2; x)τ η = (1 − τ)−� F℘,η,ν

α,β (�, κ1, κ2; x

1 − τ
), (23)

( |x | < min {1, |1 − τ |} ; �(�) > 0,�(κ2) > �(κ1) > 0 ).

Proof By using well-known identity such as

[(1 − x) − τ ]−� = (1 − τ)−�

(
1 − x

1 − τ

)−�

,

and expand the left-hand side of above expression for |τ | < |1 − x |, we have
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∞∑
n=0

(�)n

n! (1 − x)−�

(
τ

1 − x

)n

= (1 − τ)−�

(
1 − x

1 − τ

)−�

.

Now, multiply both sides of above expression by xκ1−1 and applying the extended
fractional derivative operator Dκ1−κ2,℘,η,ν

x,α,β , we get

Dκ1−κ2,℘,η,ν

x,α,β

{ ∞∑
n=0

(�)n

n! (1 − x)−�

(
τ

1 − x

)n

xκ1−1

}

= (1 − τ)−�Dκ1−κ2,℘,η,ν

x,α,β

{
xκ1−1

(
1 − x

1 − τ

)−�
}

.

Interchanging the order which is valid for �(κ1) > 0 and |t | < |1 − x |, we get
∞∑

n=0

(�)n

n! τηDκ1−κ2,℘,η,ν
x,α,β

{
(1 − x)−(�+n)xa−1

}
= (1 − τ)−�Dκ1−κ2,℘,η,ν

x,α,β

{(
xκ1−1(1 − x

1 − τ

)−�
}

.

By using (17) in the above expression we achieve the result (23). �

Theorem 11 For the new extended hypergeometric function, the following relation
holds true:

∞∑
n=0

(�)n

n! F℘,η,ν

α,β (ρ − n, κ1; κ2; x)τ η = (1 − τ)−� F℘,η,ν

1;α,β

(
κ1, ρ, �; κ2, x,

xτ

1 − τ

)
.

(24)

Proof Using the following identities:

[1 − (1 − x)τ ]−� = (1 − τ)−�

(
1 + xτ

1 − τ

)−�

.

By using Binomial expansion to expanding the left-hand side of above relation
for |τ | < |1 − x | , we have

∞∑
n=0

(�)n

n! (1 − x)nτ n = (1 − τ)−�

(
1 − −xτ

1 − τ

)−�

.

Now, multiplying both sides by xκ1−1(1 − x)−ρ and applying the extended frac-
tional derivative operator Dκ1−κ2,℘,η,ν

x,α,β , we have

Dκ1−κ2,℘,η,ν

x,α,β

{ ∞∑
n=0

(�)n

n! xκ1−1(1 − x)−ρ+nτ n

}
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= (1 − τ)−�Dκ1−κ2,℘,η,ν

x,α,β

{
xκ1−1(1 − x)−ρ

(
1 − −xτ

1 − τ

)−�
}

.

Interchanging the order which is valid for �(κ1) > 0 and |xt | < |1 − x |, we get
∞∑

n=0

(�)n

n! Dκ1−κ2,℘,η,ν

x,α,β

{
xκ1−1(1 − x)−ρ+nτ n

}

= (1 − τ)−�Dκ1−κ2,℘,η,ν

x,α,β

{
xκ1−1(1 − x)−ρ

(
1 − −xτ

1 − τ

)−�
}

.

By using (16) and (17) in the above expression, we achieve the result (24). �
Theorem 12 For the new extended hypergeometric function, the following relation
holds true:

∞∑
n=0

(�)n

n! F℘,η,ν

α,β (−n, δ; ζ ; y) F℘,η,ν

α,β (� + n, κ1; κ2; x) τ n

= (1 − τ)−� F℘,η,ν

2;α,β

(
�, κ1, δ; κ2, ζ ; x

1 − τ
,

−yτ

1 − τ

)
. (25)

Proof In the expression (23), by replacing t by (1 − y)τ , multiplying in the resulting
equality by yδ−1, and using extended fractional derivative operator Dδ−ζ,p,η,ν

y,α,β , we
have

Dδ−ζ,℘,η,ν

y,α,β

{ ∞∑
n=0

(�)n

n! yδ−1F℘,η,ν

α,β (� + n, κ1; κ2; x)(1 − y)nτ n

}

= Dδ−ζ,℘,η,ν

y,α,β

{
(1 − (1 − y)τ )−� yδ−1F℘,η,ν

α,β

(
�, κ1, κ2; x

1 − (1 − y)τ

)}
.

Now, interchanging the order, which is valid for |x | < 1,
∣∣∣ 1−x
1−y τ

∣∣∣ < 1 and
∣∣ x
1−τ

∣∣ +∣∣ yτ

1−τ

∣∣ < 1, we get

∞∑
n=0

(�)n

n! Dδ−ζ,℘,η,ν

y,α,β

{
yδ−1(1 − y)n

}
F℘,η,ν

α,β (� + n, κ1; κ2; x)tn

= Dδ−ζ,℘,η,ν

y,α,β

{
yδ−1

(
1 − −yτ

1 − τ

)−�

F℘,η,ν

α,β

(
�, κ1, κ2;

x
1−τ

1 − −yτ

1−τ

)}
.

By using (16) and (19), we get the desired result. �
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8 Conclusions

In this article, extended Appell’s functions, Riemann–Liouville fractional derivative
operators, and their Mellin transform were derived. We also studied some appli-
cations of Riemann–Liouville fractional derivative operators and with their help,
we concluded some generating functions of extended hypergeometric functions. In
order to justify our new operator, we know that fractional calculus is used in various
engineering and science domains. With the results obtained in this article, there are
several uses and applications in various fields. We come to another conclusion for
further research.

For future direction, recently Ghayasuddin et al. [1] defined a new beta function
using three-parameterMittag-Leffler function andwith the help of this beta functions,
we derive a new generalization of Appell’s functions of two- and three-variable as
well as Riemann–Liouville fractional derivative operators as follows:

F℘

1;α,β,γ (κ1, κ2, κ3; κ4; x, y) =
∞∑

n,m=0

B℘

α,β,γ (κ1 + m + n, κ4 − κ1)

B(κ1, κ4 − κ1)
(κ2)n(κ3)m

xn

n!
ym

m! ,

(max{|x |, |y|} < 1 ; α, β, γ ∈ R
+ and ℘ ≥ 0).

F℘

2;α,β,γ (κ1, κ2, κ3; κ4, κ5; x, y)

=
∞∑

n,m=0

(κ1)m+nB℘

α,β,γ (κ2 + n, κ4 − κ2)B℘

α,β,γ (κ3 + m, κ5 − κ3)

B(κ2, κ4 − κ2)B(κ3; κ5 − κ3)

xn

n!
ym

m! ,

(|x | + |y| < 1; α, β, γ ∈ R
+ and ℘ ≥ 0).

F3,α,β,γ

D,℘ (κ1, κ2, κ3, κ4; κ5; x, y, z)

=
∞∑

n,m,r=0

B℘

α,β,γ (κ1 + m + n + r, κ5 − κ1)(κ2)m(κ3)n(κ4)r

B(κ1, κ5 − κ1)

xn

n!
ym

m!
zr

r ! ,

(
√|x | + √|y| + √|z| < 1 ; α, β, γ ∈ R

+
0 and ℘ ≥ 0).

and

Dϑ,℘

z;α,β,γ
{ f (z)} = 1

�(−ϑ)

z∫

0

f (τ )(z − τ)−ϑ−1Eγ

α,β

( −℘z2

τ(z − τ)

)
dt

(�(ϑ) < 0; ℘ ≥ 0;α, β, γ ∈ R
+ ),
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for j − 1 < �(ϑ) < j such that j = 1, 2, 3, ....

Dϑ,℘

z;α,β,γ { f (z)} = d j

dz j
Dϑ− j

z { f (z)}

= d j

dz j

⎧⎨
⎩

1

�( j − ϑ)

z∫

0

f (τ )(z − 1)−ϑ+ j−1Eγ

α,β

( −℘z2

τ(z − τ)

)
dτ

⎫⎬
⎭ ,

and study their properties and applications.

Acknowledgements The author SaddamHusain would like to thank Integral University, Lucknow,
India for providing the manuscript number (MCN): IU/R&D/2024-MCN0002557 for the present
research work.

Conflict of Interest: The author declare no conflict of interest.

References

1. M. Ali, M. Ghayasuddin, A note on extended beta, Gauss and confluent hypergeometric func-
tions. Ital. J. Pure Appl. Math. 46(2) (2020)

2. G.E. Andrews, R. Askey, R. Roy, Special Functions (Cambridge University Press, Cambridge,
1999)

3. S.I. Butt, M. Nadeem, G. Farid, On Caputo fractional derivatives via exponential s-convex
functions. Turk. J. Sci. 5(2), 140–146 (2020)

4. M.A. Chaudhry, A. Qadir, M. Rafique, S.M. Zubair, Extension of Euler’s beta function. J.
Comput. Appl. Math. 78, 19–32 (1997)

5. L.Chen,G. Farid, S.I. Butt, S.B.Akbar, Boundedness of fractional integral operators containing
Mittag-Leffler functions. Turk. J. Ineq 4(1), 14–24 (2020)

6. M. Ghayasuddin, N.U. Khan, A Study of extended beta, Gauss and confluent hypergeometric
functions. Int. J. Appl. Math. 33(1), 1–13 (2020)

7. N.U. Khan, S. Husain, A note on extended beta function involving generalized Mittag-Leffler
function and its applications. TWMS J. Appl. Eng. Math. 12(1), 71–81 (2022)

8. N.U. Khan, S. Husain, T. Usman, S. Araci, Results concerning the analysis of multi-index
Whittaker function. J. Math. (2022)

9. N.U.Khan, S.Husain,M.I.Khan,Analysis of an extendedWhittaker function and its properties.
Honam Math. J. 45(2), 184–197 (2023)

10. N.U. Khan, S. Husain, O. Khan, A novel kind of new Beta logarithmic function and their
properties. Hacettepe J. Math. Stat. 52(4) (2023)

11. N. Khan, R. Sk, S. Husain, M.A. Shah, The study of generalized Hurwitz-Lerch zeta function
and fractional kinetic equations. Res. Math. 11(1) (2024), https://doi.org/10.1080/27684830.
2024.2331419

12. D.M. Lee, A.K. Rathie, R.K. Parmar, Y.S. Kim, Generalization of extended beta function,
Hypergeometric and Confluent Hypergeometric functions. Honam Math. J. 33(2), 187–206
(2011)

13. G.M. Mittag-Leffler, Sur la nouvelle function Eα(x). C. R. Acad. Sci. Paris 137, 554–558
(1903)

14. G.M. Mittag-Leffler, Sur la répresentation analytique d’une branche uniforme d’une fonction
monogène. Acta Math. 29, 101–181 (1905)



224 S. Husain and N. Khan

15. E. Özergin, M.A. Özarslan, A. Altın, Extension of gamma, beta and hypergeometric function.
J. Compt. Appl. Math. 235(16), 4601–4610 (2011)

16. E. Özergin, M.A.Özarslan, Some generating relations for extended hypergeometric functions
via generalized fractional derivative operator. Math. Comput. Modell. 52(9–10), 1825–1833
(2010)

17. R.K. Parmar, A New Generalization of Gamma, Beta, Hypergeometric and Confluent Hyper-
geometric Functions (Le Matematiche, LXVIII, 2013), pp. 33–52

18. E.D. Rainville, Special Functions (The Macmillan Company, New York, 1960)
19. L. Sadek, Fractional BDF methods for solving fractional differential matrix equations. Int. J.

Appl. Comput. Math. 8(5), 238 (2022)
20. L. Sadek, Controllability and observability for fractal linear dynamical systems. J. Vibr. Control

29(19–20), 4730–4740 (2022)
21. L. Sadek, Stability of conformable linear infinite-dimensional systems. Int. J. Dyn. Control

11(3), 1276–1284 (2023)
22. L. Sadek, A. S. Bataineh, H. Talibi Alaoui, I. Hashim, The novel Mittag-Leffler-Galerkin

method: application to a Riccati differential equation of fractional order. Fractal Fractional
(MDPI), 7(4), 302 (2023)

23. L. Sadek, A Cotangent fractional derivative with the application. Fractal Fractional (MDPI),
7(6), 444 (2023)

24. H.M. Srivastava, R.K. Saxena, Operators of fractional integration and their applications. Appl.
Math. Comput. 118(1), 1–52 (2001)

25. H.M. Srivastava, H.L. Manocha, A Treatise on Generating Functions (Halsted Press, Ellis
Horwood Limited, Chichester; John Wiley and Sons, New York, 1984)


