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ABSTRACT

A dynamic finite element approach for free vibration analysis of generally laminated composite
beams is introduced on the basis of first order shear deformation theory. The effect of Poisson
effect, bending and torsional deformations, couplings among extensional, shear deformation and
rotary inertia are comprised in the formulation. The dynamic stiffness matrix is defined based on
the exact solutions of the differential equations of motion governing the free vibration of
generally laminated composite beam. The influences of Poisson effect, material anisotropy,
slender ratio, shear deformation and boundary condition on the natural frequencies of the
composite beams are analyze in detail by specific carefully favored examples. The natural
frequencies and mode shapes of numerical results are presented and, whenever possible,
compared to those previously published solutions in order to describe the correctness and

accuracy of the present approach.

Free vibration analysis of laminated composite beams is carried out using higher order shear
deformation theory. Two-node, finite elements of eight degrees of freedom per node, based on
the theories, are presented for the free vibration analysis of the laminated composite beams in
this project work. Numerical results have been computed for various ply orientation sequence
and number of layers and for various boundary conditions of the laminated composite beams and
compared with the results of other higher order theories available in literature. The comparison
study shows that the present considered higher order shear deformation theory forecast the
natural frequencies of the laminated composite beams better than the other higher order theories

considered.

For considered examples, the coding of the formulation of first order shear deformation theory
and higher order shear deformation theory (two-node , finite elements of eight degree of freedom
per node) done by the help of MATLAB and ANSYS 12 software package.

Keywords: - shear deformation, slender ratio, natural frequencies, higher order shear deformation

theory, laminated composite beam and free vibration.
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INTRODUCTION

DEFINITIONS [56]:-

A composite material is defined as a material system which consists of a mixture or a
combination of two or more distinctly different materials which are insoluble in each other and

differ in form or chemical composition.

Thus, a composite material is labeled as any material consisting of two or more phases. Many
combinations of materials termed as composite materials, such as concrete, mortar, fiber

reinforced plastics, fibre reinforced metals and similar fibre impregnated materials.

Two- phase composite materials are classified into two broad categories: particulate composites
and fibre reinforced composites. Particulate composites are those in which particles having
various shapes and sizes are dispersed within a matrix in a random fashion. Examples as mica
flakes reinforced with glass, lead particles in copper alloys and silicon carbon particles in

aluminium.

Particulate composites are used for electrical applications, welding, machine parts and other

purposes.

Fibre reinforced composite materials consists of fibres of significant strength and stiffness
embedded in a matrix with distinct boundaries between them. Both fibres and matrix maintain
their physical and chemical identities, yet their combination performs a function which cannot be
done by each constituent acting singly. fibres of fibre reinforced plastics (FRP) may be short or

continuous. It appears obvious that FRP having continuous fibres is indeed more efficient.

Classification of FRP composite materials into four broad categories has been done accordingly
to the matrix used. They are polymer matrix composites, metal matrix composites, ceramic
matrix composites and carbon/carbon composites. Polymer matrix composites are made of
thermoplastic or thermoset resins reinforced with fibres such as glass, carbon or boron. A metal
matrix composite consists of a matrix of metals or alloys reinforced with metal fibres such as

boron or carbon. Ceramic matrix composites consist of ceramic matrices reinforced with ceramic



fibres such as silicon carbide, alumina or silicon nitride. They are mainly effective for high
temperature applications.

Table 1 Classification of FRP composite materials ™

Matrix type Fibres Matrix
Polymer E-glass Epoxy
S-glass Polyimide
Carbon(graphite) Thermoplastics
Kevlar Polyester
Boron Polysulfone
Metal Boron Aluminium
Carbon (graphite) Magnesium
Silicon carbide Titanium
Alumina Copper
Ceramic Silicon carbide Silicon carbide
Alumina Alumina
Silicon nitride Glass ceramic
Silicon nitride
Carbon Carbon Carbon

Of all the types of composites discussed above, the most important is the fibre reinforced
composites this is form the application point of view. This project is deal with fibre reinforced

polymer matrix composite materials.
Fibres[56] :-

Materials in fibre form are stronger and stiffer than that used in a bulk form. There is a likely
presence of flaws in bulk material which affects its strength while internal flaws are mostly

absent in the case of fibres. Further , fibres have strong molecular or crystallographic alignment




and are in the shape of very small crystals. Fibres have also a low density which is
disadvantageous.

Fibres is the most important constituent of a fibre reinforced composite material. They also
occupy the largest volume fraction of the composite. Reinforcing fibres as such can take up only
its tensile load. But when they are used in fibre reinforced composites, the surrounding matrix
enables the fibre to contribute to the major part of the tensile, compressive, and flexural or shear
strength and stiffness of FRP composites.

Glass fibres[56]

The most common fibre used in polymeric fibre reinforced composites is the glass fibre. The
main advantage of the glass fibre is its low cost. Its other advantage are its high tensile strength,
low chemical resistance and excellent insulating properties. Among its disadvantages are its low
tensile modulus somewhat high specific gravity, high degree of hardness and reduction of tensile
strength due to abrasion during handling. Moisture decreases the glass fibre strength. Glass fibres

are susceptible to sustained loads, as they cannot withstand loads for long periods.

Two types of glass fibres are used in FRP industries. They are E-glass and S-glass . E-glass has

the lowest cost among all fibres.

S-glass has high tensile strength. Its typical composition is 65% SiO2 , 25% Al.03 and 10%
MgO. The cost of s-Glass is 20-30 times that of E-glass. The tensile strength of S-glass is 33%
greater and the modulus of elasticity is 20% higher than that of E-glass. The principal advantages
of S-glass are its high strength-to-weight ratio, its superior strength relation at elevated
temperature and its high fatigue limit. In spite of its high cost, its main application area is in

aerospace components such as rocket mortars.
Carbon fibres[56]

Carbon fibres are charactyerised by a combination of high strength, high stiffness and light
weight. The advantages of carbon fibres are their very high tensile strength-to-weight ratio, high
tensile modulus-to-weight ratio, very low coefficient of thermal expansion and high fatigue
strength. The disadvantages are their low impact resistance and high electrical conductivity. Due



to the high cost the use of the carbon fibres is justified only in weight critical structures, that is
mostly applied to aerospace industry.

Aramid fibres[56]

Kevlar aramid is made of carbon , hydrogen, oxygen and nitrogen and is essentially an aromatic
organic compound. The advantages of aramid fibres are their low density, high tensile strength

and low cost.

Characteristics of Kevlar 49 are its high strength and stiffness, light weight, vibration damping,
resistance to damage, fatigue and stress ruptures. Another variety Kevlar 29 which is of low

density and high strength. Kevlar 29 is used in ropes, cables and coated fabrics for inflatables.

The principal disadvantages of aramid fibres are their low compressive strength and the
difficulty in cutting or machining. For structures or structural components where compression
and bending are predominant such as in a shell, aramid fibres can be used only when it is

hybridized with glass or carbon fibres.

A more advanced variety of Kevlar fibre is Kevlar 149. Of all commercially available aramid
fibres, it has the highest tensile modulus as it has 40% higher modulus than Kevlar 49. The
strain at failure for Kevlar 149 is; however, lower than that of Kevlar 49. Aramid fibres are
costlier than E-glass, but are cheaper than carbon fibres.

Boron fibres[56]

Boron fibres are characterized by their very high tensile modulus. Boron fibres have relatively
large diameters and due to this they are capable of withstanding large compressive stress and
providing excellent resistance to buckeling. Boron fibres are , however , costly and in fact are
costlier than most varities of carbon fibres. The application area of boron fibres at present is

restricted to aerospace industries only.
Ceramic fibres[56]

Ceramic fibres are mainly used in application areas dealing with elevated temperature. Examples

of ceramic fibres are silicon carbide and aluminium oxide. Ceramic fibres has an advantage in



that they have properties such as high strength, high elastic modulus with high temperature

capabilities and are free from environmental attack.
Polymeric matrix[56]

Polymers are divided into two broad categories: thermoplastic and thermoset. Thermoplastic
polymers are those which are heat softened ,melted and reshaped as many times as desired. But a

thermoset polymer cannot be melted or reshaped by the application of heat or pressure.

The advantages of thermoplastic matrices are their improved fracture toughness over the
thermoset matrix and their potential of much lower cost in the manufacturing of finished

composites.

Traditionally, thermoset polymers are widely used as a matrix material for fibre reinforced
composites in structural composite components. Thermoset polymers improve thermal stability

and chemical resistance.
For the purpose of a simple classification, we may divide the thermosets into five categories:-

(1) Polyster resin,

(2) Epoxy resin,

(3) Vinyl ester resin,
(4) Phenolic resin and

(5) High performance resin.
Polyster resins[56]

The most commonly used resin in glass reinforced plastic construction is the polyster resin and
they have exhibited good performance. The main advantages of polyester resins are their

reasonable cost and ease with which they can be used.
Epoxy resins[56]

Epoxy resins are mostly used in aerospace structures for high performance applications. It is also

used in marine structures, rarely though, as cheaper varieties of resins other than epoxy are



available. the extensive use of epoxy resins in industry is due to :- (1) the ease with which it can
be processed,(2) excellent mechanical properties and (3) high hot and wet strength properties .

Vinyl ester resins[56]

Vinyl ester resin is superior to polyester resin because it offers greater resistant to water. These
resins provide superior chemical résistance and superior retention properties of strength and
stiffness at elevated temperature. In construction and marine industries , vinyl ester resins have

been widely used in boat construction.
Phenolic resins[56]

The main characteristics of phenolic resins are their excellent fire resistance properties. As such
they are now introduced in high temperature application areas. The recently developed cold-cure

varieties of phenolic resins are used for contact moulding of structural laminates.

Phenolic resins have inferior mechanical properties to both polyester resins and epoxy resins, but
have higher maximum operating temperature, much better flame retardant and smoke and toxic
gas emission characteristics. Due to the above advantages , phenolic resins are the only matrix
used in aircraft interior.phenolic resins are increasingly used in internal bulkheads, decks and

furnishings in ships.
Application of composites

1. Marine field

2. Aircraft and Space

3. Automotive

4. Sporting goods

5. Medical Devices

6. Commercial applications.



The Timoshenko Beam Theory
It is well known the classical theory of Euler—Bernoulli beam assumes that-

(1) the cross-sectional plane perpendicular to the axis of the beam remains plane after

deformation (assumption of a rigid cross-sectional plane);

(2) The deformed cross-sectional plane is still perpendicular to the axis after deformation.

The classical theory of beam neglects transverse shearing deformation where the transverse shear
stress is determined by the equations of equilibrium. It is applicable to a thin beam. For a beam
with short effective length or composite beams, plates and shells, it is inapplicable to neglect the
transverse shear deformation. In 1921, Timoshenko presented a revised beam theory considering
shear deformationl which retains the first assumption and satisfies the stress-strain relation of
shear.

Advantages:-

1. High resistance to fatigue and corrosion degradation.
2. High _strength or stiffness to weight ratio.

3. High resistance to impact damage.

4. Improved friction and wear properties.

5. Improved dent resistance is normally achieved. Composite panels do not sustain
damage as easily as thin gage sheet metals.

6. Due to greater reliability, there are fewer inspections and structural repairs.



PRESENT INVESTIGATION

In the current investigation the main objective is to find out the free vibration of generally
laminated composite beams based on first-order shear deformation theory and derived through
the use of Hamilton‘s principle. The Poisson effect, rotary inertia, shear deformation and
material coupling among the bending, extensional and torsional deformations are embraced in
the formulation. A dynamic stiffness matrix is made to solve the free vibration of the generally
laminated composite beams [54]. The dynamic finite element method deals with the mass
distribution within a beam element exactly and thus it provides accurate dynamic characteristics
of a composite beam. Natural frequencies and mode shapes are obtained for the generally
laminated composite beams. The natural frequencies are investigated and comparisons of the

current results with the available solutions in literature are presented [54].

Also the current investigation is based on the higher order shear deformation theories, for the
dynamic analysis of the simply supported laminated composite beam. Numerical results have
been computed for various boundary conditions for the homogeneous and laminated composites
beams and the numerical results are compared with the results of other theories available in
literature [54, 55].

After the comparisons of results we noticed that the theories predict the natural frequencies of

the beams better than the other higher order shear deformation theories [55].

Apart from the presentation of analytical solutions to the vibration problems of the composite
laminated beams, two node finite elements of eight degrees of freedom per node are also
investigated in this present analysis to determine the natural frequencies of simply-supported and
clamped- free laminated composite beams for which analytical solutions cannot be obtained
using the higher order shear deformation theories [55]. Numerical results obtained for the above
problems compared to the analytical and finite element solutions available in the literature [54,
55].

The present results are compared with solutions available in the literature and obtained by the
help of MATLAB and ANSY'S software.
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LITERATURE REVIEW



LITERATURE REVIEW

The fiber-reinforced composite materials are ideal for structural applications where high
strength-to-weight and stiffness-to-weight ratios are required. Composite materials can be
tailored to meet the particular requirements of stiffness and strength by altering lay-up and fiber
orientations. The ability to tailor a composite material to its job is one of the most significant
advantages of a composite material over an ordinary material. So the research and development
of composite materials in the design of aerospace, mechanical and civil structures has grown
tremendously in the past few decades. It is essential to know the vibration characteristics of these
structures, which may be subjected to dynamic loads in complex environmental conditions. If the
frequency of the loads variation matches one of the resonance frequencies of the structure, large
translation/torsion deflections and internal stresses can occur, which may lead to failure of
structure components. A variety of structural components made of composite materials such as
aircraft wing, helicopter blade, vehicle axles, and turbine blades can be approximated as
laminated composite beams, which requires a deeper understanding of the vibration
characteristics of the composite beams. The practical importance and potential benefits of the
composite beams have inspired continuing research interest. A number of researchers have been

developed numerous solution methods in recent 20 years.

Raciti and Kapania [2] collected a report of developments in the vibration analysis of laminated

composite beams.

Chandrashekhara et al. [3] found the accurate solutions based on first order shear deformation
theory including rotary inertia for symmetrically laminated beams.

The laminated beams by a systematic reduction of the constitutive relations of the three-
dimensional anisotropic body and found the basic equations of the beam theory based on the

parabolic shear deformation theory represented by Bhimaraddi and Chandrashekhara [4].

A third-order shear deformation theory for static and dynamic analysis of an orthotropic beam
incorporating the impact of transverse shear and transverse normal deformations developed by
Soldatos and Elishakoff [5].



The exact solutions for symmetrically laminated composite beams with 10 different boundary
conditions, where shear deformation and rotary inertia were considered in the analysis developed
by Abramovich [6].

Hamilton‘s principle to calculate the dynamic equations governing the free vibration of
laminated composite beams. The impacts of transverse shear deformation and rotary inertia were
included, and analytical solutions for unsymmetrical laminated beams were obtained by applying
the Lagrange multipliers method developed by Krishnaswamy et al. [7].

The free vibration behavior of laminated composite beams by the conventional finite element
analysis using a higher-order shears deformation theory. The Poisson effect, coupled extensional
and bending deformations and rotary inertia are considered in the formulation studied by
Chandrashekhara and Bangera [8].

Abramovich and Livshits [9] presented the free vibration analysis of non-symmetric cross-ply
laminated beams based on first-order shear deformation theory.

Khdeir and Reddy [10] evolved the analytical solutions of various beam theories to study the free
vibration behavior of cross-ply rectangular beams with arbitrary boundary conditions.

Biaxial bending, axial and torsional vibrations using the finite element method and the first-order

shear deformation theory examined by Nabi and Ganesan [11].

The analytical solutions for laminated beams based on first-order shear deformation theory

including rotary inertia obtained by Eisenberger et al. [12].
Banerjee and Williams [13] evolved the exact dynamic stiffness matrix for a uniform, straight,

bending—torsion coupled, composite beam without the effects of shear deformation and rotary

inertia included.

10



Teboub and Hajela [14] approved the symbolic computation technique to analyze the free
vibration of generally layered composite beam on the basis of a first-order shear deformation
theory. The model used considering the effect of Poisson effect, coupled extensional, bending

and torsional deformations as well as rotary inertia.

An exact dynamic stiffness matrix for a composite beam with the impacts of shear deformation,
rotary inertia and coupling between the bending and torsional deformations included presented

by Banerjee and Williams [15].

An analytical method for the dynamic analysis of laminated beams using higher order refined

theory developed by Kant et al. [16] .

Shimpi and Ainapure [17] presented the free vibration of two-layered laminated cross-ply beams

using the variation ally consistent layer wise trigonometric shear deformation theory.

The in-plane and out-of-plane free vibration problem of symmetric cross-ply laminated
composite beams using the transfer matrix method analyzed by Yildirim et al. [18].

Yildirim et al. [19] examined the impacts of rotary inertia, axial and shear deformations on the

in-plane free vibration of symmetric cross-ply laminated beams.

The stiffness method for the solution of the purely in-plane free vibration problem of symmetric
cross-ply laminated beams with the rotary inertia, axial and transverse shear deformation effects
included by the first-order shear deformation theory developed by Yildirim [20].

Mahapatra et al. [21] presented a spectral element for Bernoulli-Euler composite beams.

Ghugal and Shimpi [22] preposed a review of displacement and stress-based refined theories for

isotropic and anisotropic laminated beams and discussed various equivalent single layer and

layer wise theories for laminated beams.

11



Higher-order mixed theory for determining the natural frequencies of a diversity of laminated
Simply-Supported beams presented by Rao et al. [23] .

A new refined locking free first-order shear deformable finite element and demonstrated its
utility in solving free vibration and wave propagation problems in laminated composite beam
structures with symmetric as well as asymmetric ply stacking proposed by Chakraborty et al.
[24].

A spectral finite element model for analysis of axial— flexural-shear coupled wave propagation
in thick laminated composite beams and derived an exact dynamic stiffness matrix proposed by

Mahapatra and Gopalakrishnan [25].

A new approach combining the state space method and the differential quadrature method for
freely vibrating laminated beams based on two-dimensional theory of elasticity proposed by
Chen et al. [26].

Chen et al. [27] reported a new method of state space-based differential quadrature for free

vibration of generally laminated beams.

Ruotolo [28] proposed a spectral element for anisotropic, laminated composite beams. The
axial-bending coupled equations of motion were derived under the assumptions of the first-order

shear deformation theory and the spectral element matrix was formulated.

A two-noded curved composite beam element with three degrees-of-freedom per node for the
analysis of laminated beam structures. The flexural and extensional deformations together with
transverse shear deformation based on first-order shear Deformation theories were incorporated
in the formulation. Also, the Poisson effect was incorporated in the formulation in the beam

constitution equation presented by Raveendranath et al. [29].

12



A complete set of equations governing the dynamic behavior of pre-twisted composite space
rods under isothermal conditions based on the Timoshenko beam theory. The anisotropy of the
rod material, the curvatures of the rod axis, and the effects of the rotary inertia, the shear, axial

deformations and Poisson effect were considered in the formulation reported by Yildirim [30] .

Banerjee [31,32] reported the exact expressions for the frequency equation and mode shapes of
composite Timoshenko beams with cantilever end conditions. The impacts of material coupling
between the bending and torsional modes of deformation together with the effects of shear
deformation and rotary inertia was taken into account when formulating the theory.

Bassiouni et al. [33] proposed a finite element model to investigate the natural frequencies and
mode shapes of the laminated composite beams. The model needed all lamina had the same
lateral displacement at a typical cross-section, but allowed each lamina to rotate a different

amount from the other. The transverse shear deformation was included.

A new variational consistent finite element formulation for the free vibration analysis of

composite beams based on the third-order beam theory proposed by Shi and Lam [34].

Chen et al. [35] presented a state space method combined with the differential quadrature method
to examined the free vibration of straight beams with rectangular cross-sections on the basis of
the two-dimensional elasticity equations with orthotropy.

The vibration analysis of cross-ply laminated beams with different sets of boundary conditions
based on a three degree-of-freedom shear deformable beam theory. The Ritz method was

adopted to determine the free vibration frequencies presented by Aydogdu [36].

A refined two-node, 4 DOF/node beam element based on higher-order shear deformation theory
for axial-flexural- shear coupled deformation in asymmetrically stacked laminated composite
beams. The shape function matrix used by the element satisfied the static governing equations of

motion developed by Murthy et al. [37].

13



The free vibration behavior of symmetrically laminated fiber reinforced composite beams with
different boundary conditions. The impacts of shear deformation and rotary inertia were
considered and the finite-difference method was used to solve the partial differential equations

describing the free vibration motion analyzed by Numayr et al. [38].

The free vibration analysis of laminated composite beams using two higher-order shear
deformation theories and finite elements based on the theories. Both theories considered a quintic
and quartic variation of in plane and transverse displacements in the thickness coordinates of the
beams, respectively, and satisfied the zero transverse shear strain/stress conditions at the top and
bottom surfaces of the beams developed by Subramanian [39] .

A new layer wise beam theory for generally laminated composite beam and contrasted the
analytical solutions for static bending and free vibration with the three-dimensional elasticity
solution of cross-ply laminates in cylindrical bending and with three-dimensional finite element

analysis for angle-ply laminates developed by Tahani [40] .

A 21 degree-of-freedom beam element, based on the FSDT, to study the static response, free
vibration and buckling of unsymmetrical laminated composite beams. They enlisted an accurate

model to obtain the transverse shear correction factor preposed by Goyal and Kapania [41].

Finite elements have also been developed based on Timoshenko beam theory [42]. Most of the
finite element models developed for Timoshenko beams possess a two node-two degree of
freedom structure based on the requirements of the variation principle for the Timoshenko‘s

displacement field.
A Timoshenko beam element showing that the element converged to the exact solution of the

elasticity equations for a simply supported beam provided that the correct value of the shear

factor was used proposed by Davis et al. [43].

14



Thomas et al. [44] proposed a new element of two nodes having three degrees of freedom per
node, the nodal variables being transverse displacement, shear deformation and rotation of cross-
section. The rates of convergence of a number of the elements were compared by calculating the
natural frequencies of two cantilever beams. Further this paper gave a brief summary of different

Timoshenko beam elements.

For the first time a finite element model with nodal degrees of freedom which could satisfy all
the forced and natural boundary conditions of Timoshenko beam. The element has degrees of
freedom as transverse deflection, total slope (slope due to bending and shear deformation),

bending slope and the first derivative of the bending slope presented by Thomas and Abbas [45].

A second-order beam theory requiring two coefficients, one for cross-sectional warping and the
other for transverse direct stress, was developed by Stephen and Levinson [46].

A beam theory for the analysis of the beams with narrow rectangular cross-section and showed
that his theory predicted better results when compared with elasticity solution than Timoshenko
beam theory. Though this required no shear correction factor, the approach followed by him to
derive the governing differential equations was variationally inconsistent developed by Levinson
[47].

Later Bickford [48] represented Levinson theory using a variational principle and also showed
how one could obtain the correct and variationally consistent equations using the vectorial
approach. Thus the resulting differential equation for consistent beam theory is of the sixth order,

whereas that for the inconsistent beams theory is of the fourth-order.

An improved theory in which the in-plane displacement was assumed to be cubic variation in the
thickness coordinate of the beam whereas the transverse displacement was assumed to be the
sum of two partial deflections, deflection due to bending and deflection due to transverse shear.
This theory does not impacts the effect of transverse normal strain and does not satisfy the zero
strain/stress conditions at the top and bottom surfaces of the beam reported by Krishna Murty
[49] .

15



A higher order beam finite element for bending and vibration problems of the beams. In this
formulation, the theory imagines a cubic variation of the in-plane displacement in thickness co-
ordinate and a parabolic variation of the transverse shear stress across the thickness of the beam.
Further the theory satisfies the zero shear strain conditions at the top and bottom surfaces of the
beam and neglects the effect of the transverse normal strain developed by Heyliger and Reddy
[50].

A C° finite element model based on higher order shear deformation theories including the effect
of the transverse shear and normal strain and the finite element fails to satisfy the zero shear

strain conditions at the top and bottom surfaces of the beam proposed by Kant and Gupta [51].

The free vibration analysis of the laminated composite beams using a set of three higher order
shear deformation theories and their corresponding finite elements. These theories also fail to
satisfy the zero-strain conditions at the top and bottom surfaces of the beams. Further the impacts
of the transverse normal strain were not included in the theories investigated by Marrur and Kant
[52].

An analytical solution to the dynamic analysis of the laminated composite beams using a higher
order refined theory. This model also fails to satisfy the traction- free surface conditions at the
top and bottom surfaces of the beam but has included the effect of transverse normal strain
preposed by Kant et al. [53].

16



2.1 OUTLINE OF THE PRESENT WORK:-

In the current investigation the main objective is to find out the free vibration of generally
laminated composite beams based on first-order shear deformation theory and derived through
the use of Hamilton‘s principle. The Poisson effect, rotary inertia, shear deformation and
material coupling among the bending, extensional and torsional deformations are embraced in
the formulation. A dynamic stiffness matrix is made to solve the free vibration of the generally
laminated composite beams. The dynamic finite element method deals with the mass distribution
within a beam element exactly and thus it provides accurate dynamic characteristics of a
composite beam. Natural frequencies and mode shapes are obtained for the generally laminated
composite beams. The natural frequencies are investigated and comparisons of the current results
with the available solutions in literature are presented. For the results software package using for
the coding and programming is MATLAB and ANSYS 12.

This thesis contains seven chapters including this chapter.

A detailed survey of relevant literature is reported in chapter 2.

In chapter 3 dynamic analysis of laminated composite beam using first order shear deformation
theory and higher order theories including finite element method formulation is carried out
common boundary conditions, such as clamped-free, simply supported, clamped-clamped and

Clamped- simply supported has been analyzed.

In chapter 4 details of computational approach have been outlined. How to coding in MATLAB
software and ANSY'S 12 have been outlined step — by- step procedure.

In chapter 5 important results (natural frequencies and mode shapes) drawn from the present
investigations reported in chapters 3 and 4, this chapter including results obtained by MATLAB

and ANSYS 12 for the various boundary condition of laminated composite beam.

Finally in chapter 6 important conclusions drawn from the present investigations reported in

chapters 3-5 along with suggestions for further work have been presented.

17



Chapter 3

THEORY AND FORMULATION



FIRST ORDER SHEAR DEFORMATION THEORY [54]

MATHEMATICAL FORMULATION

A generally laminated composite beam, is made of many piles of orthotropic materials, principal
material axis of a ply may be oriented at an angle with respect to the x axis. Consider the origin

of the beam is on mid-plane of the beam and x-axis coincident with the beam axis. As shown in

fig.1,
4
K
y
A X
h
\ 4 /
I< > b
L
Fig. 1. Geometry of a laminated composite beam [54]
Where,

L= length of the beam,
b= breadth of the beam,
h=thickness of the beam.

Based on first- order shear deformation theory, assumed displacement field for the laminated
composite beam can be written as-

u(x z,t)=us(xt)+ 20 (x,t), _
(1)

v(x,z.t)= w (x,t), (1))

18



w(X,z,t)=w(x,1),

(1K)

where, u.=axial displacements of a point on the mid plane in the x-directions,
w,= axial displacements of a point on the mid plane in the z-directions
6 = rotation of the normal to the mid-plane about the y axis,
W = rotation of the normal to the mid-plane about the y axis,

t = time.

The strain-displacement relations are given by- (by theory of elasticity)—

Ex = OUo/ OX+ 200 | O
Y xz = OW o/ O0X

V-0 [ OX

kx - 00 [ OX
kxy:aq] [ OX

(2i)
()
(2K)

(@)

(2m)

By the classical lamination theory, the constitutive equations of the laminate can be obtained as-

|( Nx ] |_A11 A
Ny | Ar A2
J N xy L | A A
Mx = Bu B
t My O Biz B2
(Mx] | B B

Where,(1,j=1,2,6)

Aie
A

Ass
B1s

B 26

B ss

B
B

Bis
Du

Do

D6

B
B 22

B 26
D

D2
D 26
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Nx, Ny and Ny are the in-plane forces,
My, My and M,, are the bending and twisting moments,
£, €, and y, are the mid-plane strains,

Kx , Ky and Ky are the bending and twisting curvatures,
A, ,B; and Dj are the extensional stiffnesses, coupling stiffnesses and bending stiffnesses, respectively.

ij !

for the case of laminated composite beam,

Ny and N, , the in-plane forces and the bending moment M , =0.

¢y and the curvature k assumed to be non-zero
y Xy y

Then, now equation (3) can be rewritten as-

[ N, ] ‘(ﬁ_Bi By ﬂ [ﬁuolaxﬂ

jMXr:'B D D H@G/@X L
y Bn D11 D16 | |a([J /6X| 4)
LM J H_lG 16 66 UL J
Now considering the effect of transverse shear deformation then,-
sz = A55Y v = Ass (8Wo | OX +9),
()
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Where,-

- 1Isthe transv‘erse shear force per unit length and

A B B!/'[A B B]J/A A BIJ[A A B1[A A
11 11 16 11 11 16 12 16 12 2 26 2 12 16
lg D D|4B D DHB B DMA A B |l B
| 11 11 16 11 11 16 12 16 12 26 66 26 |812 16
B DDIlg B DIlB B DI IB"B

Bl6 D16 D66 |_ 16 16 66J I_ 26 66 26J I_ 22 26 ZZJ I_ 26 66

(6)
The laminate stiffness coefficients Aij , Bij , Dij (I,j= 1,2,6) and the transverse shear stiffness

Ass which are functions of laminate ply orientation , material properties and stack sequences,

are given as-
e
A = ;dz
2
a2
Bij = Qij zdz
—H/2
D "2Q 7%z
ij = J. ij
e (7)
h/2
Ass=k [ Qssdz
55 _ﬁ[z @)

21

B —IT
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2|
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Where,-

k is the shear correction factor.

The transformed reduced stiffness constants Qij (i,j=1,2,6) are given as-

Q.= (Q11 c0s* @ +2(Q 1, +2Q g)sin® @ cos? @ +Q ,, cos? qo) (9i)
Q2 = (Qu +Q —4Q i)sin? @ cos? ¢ + Q 4, (sin4 0 +cost @ ) (9j)
(Z = (Q St @ +2(Q 1, +2Q g )sin? @ cos” @ +Q , cos* go) (9K)
Q@ =(Q -Q -2Q )singcosp+(Q -Q +2Q )cosgsin®e €))
16 11 22 66 12 22 66
Q@ =(Q -Q -2Q )sinfgcosp+(Q -Q +2Q )oos®@sing (9m)
26 11 22 66 12 22 66
Q_66 =(Qu— Q4 —2Q% —2Q ;,)sin? @ cos* ¢ + Q ¢ (sin4 ¢ + cos* go) (9n)
Q=G cos’@p+G sin*g (90)
55 13 23
Where,-

@ is the angle between the fiber direction and longitudinal axis of the beam.

The reduced stiffness constants Q11,Q12,Q22 and Qes can be obtained in terms of the engineering
constants[57]-

El

Q=

1-viv 21

Q12 = Vo
1-vipv 21

E,
Q=

1-vipv 1

Qs =Gy, (20)
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The total strain energy V of the laminated composite beam given as—
V= 1 L[_Pd 8’0 K K 1
EJ‘L X X + Mx X + I\/Ixy Xy +sz szdeX (11)

0

Substitutinge® ,k and y values from equation (2) into equation (11) then —

Xy
V=1L Nou /0x+M 06 7] ( 9)1
2« o o 1ox+M,0  1ox+Qy dwolox+ o (12)
0

Total kinetic energy T of the laminated composite beam is given as —

l L h/2 |_ ) ) 2_|
T:]t &szL(@u/at) +(oviot) +(owlat) Jb.dx.dz 13)
Where,-

p is the mass density per unit volume.

Now substituting u, v and w from equation (1) into equation (13) and after integration with

respect to z we get—

1t 2 2 2 2]
T=§£LI1(GUo/6t) +15(00 /0t) +212 (ouo 1 at)(98 /at) + 15 (o 1at) +1s(wo /dt) | b.d
(14)
Where,-

l,= | pdz
-h/2
h/2
| = zdz
= |p
h/2
l,= Jp z%dz
-n/2

(15)
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By the use of Hamilton‘s principle, the governing equations of motion of the laminated
composite beam can be expressed in the form-

t

J(éT —0V )dt =

Att=tiand t; -

Oup =0wo =06 =0y =0

(16)

After substitution the variational operations yields the following governing equation of motion-

r azuow_lﬂ(a?e\HAﬁ &u LBn(aze\HBm(azw\%
Lotz ) \et) e ) ad) okt
] (62W0\+A (aZWO\_i_A (89\:0
RS o M
(0 (eu) (o) _ (&0 _ [dy)  (ow)
Ll Ll O[+Bal  0[+Du|_ Dyl |- Al 0["AS=0
o2 ) e )\ ) ) \ad) Lax)

(azw\ PW (%6 (A )

De|  |+Dg| — [=0

k@tZJ Lot ) ox*)  (ox*)
Note:-

If the Poisson effect is ignored, the coefficients in equation (17)[ A1, B11, Bis, D11, D1s, Dse]

should be replaced by the laminate stiffness coefficients [ A11, B11, Bis, D11, D16, Des .
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(7))

(17K)
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Dynamic finite element formulation [54]

Equation (17) have solutions that are separable in time and space, and that the time dependence

is harmonic, like as-

to (xt)=U ( x)sin wt, (18i)
wo (%, t) =W ( X)sin wt, (18))
6 ( xt)=0( x)sin wt, (18Kk)
@ (xt) =¥(x)sinwt, (18l)
Where,

w is the angular frequency,

U(x),W(x), ©(x)and ¥ (x) arethe amplitudes of the sinusoidally varying longitudinal

displacement, bending displacement, normal rotation and torsional rotation respectively.

Now after the substitution of equation (18) values in equation (17), the following differential
eigenvalue problem is obtained:-

wlU+w’l O+AYU'+BO® +B—¥' =0 (191)
1 2 11 11 16

W W+ AW+ A0 =0 (19j)

Wl O+wW I U+BY +DO+D-¥'-AW-A ©=0 (19K)
3 2 11 11 16 55 55

wl¥+B-U'+BD-0O'+D—¥'=0 (191
3 16 16 66

Where the superscript primes denote the derivatives with respect to x.

The solution to equation (19) are given by-

U (x) = AeX
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W ( x) = Beo
( x) = Ce**
¥ (x) = De™ (20)

After the substitution of equation (20) into equation (19) the equivalent algebraic eigenvalue
equations are obtained and the equations have non-trivial solutions when the determinant of the
coefficient matrix of A,B,C and D vanishes. Now consider that determinant is zero , then the

characteristics equations, which is an eight-order polynomial equation in k :-

NN Kot K K+, =0 (21)
Where:-,
Ne==A s (Bl6 Dy —2By; Big Dy +B_112D_66+E(D_162 - I:Y]DA%)) (221)

|(A55 16 I +B D66|1 A Dy, Dy 1+A11(D_ D D )I +\
n=- ~28 D (J+A')+ e ltuz (22j)

, 2ABD I
’ 55 31 66 2 11 66 111 |
A B —AA (B +D_| +B— Bl +A I
k 5 11 3 11 55 11 11 1
( (25 D
Dy 1 7 DuuDely 28, Dyl + 2By, Disll + A
,72a)2kAff’(Blﬁz—A}lDﬁe)ll—L+1(Bl _|_]f3,11—6GG_lAu+lG 1612 MyleeééA%éﬁlz%z J A11A;55|3 tz
(22k)
( (D 12-1 (281 +A | \
al | 12 )"‘
N w|A5L1 ) TAT ) DI ('+”)+'3||7&1+A2|| e
\ K k( 11 55) 13 U )
(221)
Bo= bt (~Ady +(-1,2 4140 )0?) (22m)
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Now the fourth order polynomial equation for the roots x must be solved. Where x=x? has

substituted into equation (21) to reduce into a fourth order polynomial equation. The solutions

can be found as follows-

x'ray’tay +axsa =0
Where:-

ar=Ns/ Na
a="nN1 N
az =N/
as=NolNs

The fourth- order equation(23) can be factorized as-

(x2+px+a Wx2+pxtq ,)=0

Where:-
(pl\:lra L+ oal_dg +4A |

l\pjl ol JT 7
[qlwlr A - 2a3 1

0,) 2|Mt =g
L 1 2 1J

And A; is one of the roots of the following equation-
F-aj?+(aa s—4a,)A +(4a a 4—a32—a12a4)=0

Then the roots of equation (23) can be written as-

Xl\|_ _p p2
- 1
xo) 7\ 4 @
Xﬁ -P 2

’: 2 4 % —q
\xd 2 4
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(24)

(25)

(26)

(27)
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The roots of equation (27) can be written as-

A:%+zja$@#g_
3
A=“+2j@m@ﬁﬁﬁﬁ&—
2 3

a2 —
As %2 \/—Q cos((9+4)/3)

Where:-
z9=COS_1(R_/ )
BN
\ )
1.,
Q=-"(a?-3aa +12a )
9 2 13 4
Rz—l (2a3—9aa a +27a%+27a%a -72a a )
54 2 1 2 3 3 1 4 2 4
g —3 —2
D=Q +R

The general solutions to equations (19) are given by-

U(x)=Ae"+Apg™ + Ag” + A +Aey +Ae " +Ae*i+ Aety

4

= (AZi_le'“X +A ze-'“x)

=1

— KX —1X K2X —f2X (3X —K3X KaX —kaX
W(x)=Be"+Bg™ +Beg”+Be™ +Be*+Be ™ +Be* +Be™

4
1

> (8" 18 ™)

KX —f1X K2X —k2X K3X —(3X KaX —faX
O(x)=Ce*+C g™ +Ce¥+Ce” +Ce+Ce™+Ce” +Ce™

G +C g
( )
1

Iy

j=

— X —X K2X —f2X (3X —3X KaX —kaX
‘P(x)_Dle +Dg™+Dg”+Deg*" +De*+De™+De“ +De™

-5 (04D 5
=1
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(29)

(30)

(31i)

(31j)

(31K)

(311)



Where-

K1=\/)Z
Kzz\/XT
Ke,:\/)T3
K4:\/XT

The relationship among the constants is given by-

A2j—l:tjC2j—1
Ay =1,Cy;

B =tC

2j-1 i 2j
B =tC

2j j 2j
D2j—1 =t (;21'-1
D2j=t'(} 2
Where:- (j=1-4)

t =[B—b« 4—(B—K—2+| wz)(D —K 241 w2)1/A

io| 16 16 j i 2 66 j 3|

t'i:—Aﬁ j/(ASEK iz+|q)2)
tj=k Zj(BE;Kf—A:DZK Jz+([)_14 1+B—16'2)w2)/A j

A, =B % ‘}+(A} 12+Ifu2)(lﬂKf+l g)z)

29

(32i)

(32)

(32K)

(33i)

(33))

(33K)
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Sign convention:-

+
] + —
Nx N y
Mx MX
+ Q +¢—7 + >
XZ
M Xy M Xy
v

Fig. 2. Sign convention for positive normal force Ny (x), shear force Qx; (x), bending moment Mx
(X) and torque My (X) [54]

Xyl A W Wa M
lljl szl szz 4 \ny 2
2
—>—>
+— > —>
le Nx 2
Mxl 1 U2 M
@1 ® x2

Fig.3. boundary conditions for displacements and forces of composite beam [54]

From fig. 2 the expression of normal force Ny (x), shear force Qx (x), bending moments My

(x) and torque My (X) can be obtained from equations (5), (6) and (31) as-

N =A dU =—d® —d¥
x(X) lld_X+Bll_X+Blﬁd—X

30



=Y(Axt +Bx +But)*(C e’-C e

(341)
11 jj 11 16 jj 2j-1 2j
j=1
dw
sz(x):—|(A55 N +A ®\|
L )
:Z—(AK'[—-I-A )*(C e +C e‘“x) (34))
55 j j 55 2j-1 2j
j=1
M (x)——(B du doe d‘I’\
X | ll_dX_+D__d'x_+D__d'X_
\ )
=¥-(B«t +bk +bx t)*(C e"-C e (34K)
1 11 j 6 j | 2j-1 2j
M (x)= (B ~du de d¥
Xy | -BF +D¥ dX
® dx dx
\
:Z(B—Kt +BKk +B t)*( e -C e‘“x) (341)
16 jj 16 j 66 j j 2j-1 2j
j=1

From fig. 3. The boundary conditions for displacements and forces of the laminated composite
beam are given as—

At:-

x=0;

U=Us W =W, ®=01 Y=Y

NX = _NX1 sz :szl MX = MXl M Xy M xyl (35|)
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X=L;
U=U W =W =0, Y=Y
NX = _NXZ sz :QXZZ MX = MX2 M Xy Mxyz (351)

Substituting equations (35) into equations (31), the nodal displacements defined by fig.(3) can be

expressed in terms of C as-

{Do} = [R]{C} (36)

Where, {Do} is the nodal degree of freedom vector.

(Do} ={Ur W1 ©, ¥, U, Wo @ ¥y} (37i)
{C}={Ci C3 C;C,C, C, CoCs} (37))
&1 t t3 ts t; t ts ty —||

t t t t -1 -1 -1 -1
| 1 2 3 4 1 2 3 4 |
| 1 1 1 1 1 1 1 1 |
L
R|= t t t t t t t
Rl ‘tem ettt tel tet  teRt tel  tew
| 1 2 3 4 1 2 3 4 | (37k)
|Teﬁ1|— tet t—eK?’L teut fett _fett _fett I et |
1 2 3 4 1 2 3 4
| eqL e«zL e@L e«4L e—mL e—KzL e—«sL e—K4L |
| A 'l gL T g -y T
[te e te te t,e t,e t,e te |

32



Substituting equations (35j) into equations (31), the nodal forces defined in fig. 3 can be

expressed in terms of C as-

{Foj = [H ]{C}

Where, {Fo} isthe nodal force vector.

{FO}:{NX]. szl Mxl Mxyl Nx2 szZ MxZ MxyZ

|_ —t _t,\ _t —t t
| ' 2 8 4 1
t t : K A
B -t & -t t1
= 1 2 3 4 L
[RI=1}
, b koL ksl B
|| —ie:KiL: :’_igze{_LL: t? gt t? e“ t? L
||_A KL AZ KL A KaL A KL A —KL
| t,e -1,e —'E3e —'g4e t,e
| feul FGKZL tetl {.‘eKAL _feut
|_ 1 2 3 4 1
Where, (j=1-6)
t=Axt +Bk +Bxt
i nojj oy 16

t= —( Akt + Ags )
t = (BMKJtJ+D k. + Dk t)

33

—te et

tg—K3L

—x L
A 7IgL

t,e

_tetet

(38)
(39i1)
t, 7|
t, |
_t 1
¢ :
4 (39j)
ol
tag et ||
4
A L |
te
—teL |
P
(40)



Now from the equations (36) and (38) relationship between the nodal force vector and nodal
degree of freedom vector can be written as-

(F J=[HIIRI* [0 =[x D ) @)

Where,
[KoJ=[H][R]"

And [Ko] is the frequency-dependent dynamic stiffness matrix.
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HIGHER ORDER SHEAR DEFORMATION THEORY [55]
MATHAMATICAL FORMULATION

2h

A

Y

a

Fig.4. geometry and co-ordinate system of the beam [55]

u(x,zt) andw(x,zt) are the displacement in the x and z directions, respectively, at any point
(x,2).

h = half thickness of the beam,

®; = orientation angle of the i" layer with respect to the x-axis.

a = length of the beam,

b = width of the beam.
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The displacement fields for the first theory are taken as-

ow 72?2 ow 7% ow
U=uy,—2 bn _ sh 2

OX 3h? ox 5h* ox

(22 2l

W = Whn + Wsh + | h_| w2 + 1= _| |wa (1)

)L

The displacement fields for the second theory are taken as-

oW 72 ow 7% ow
u=1u Z bn h

0 OX 3h?  0ox

. 2
5h* ox

(2 T (2l

W=an+Wsh+|h_| W +|1-] _| [ws (2)

uy i\

Where:
uo ( x, t ) Are the displacements due to extension,
won (x,t) Are the displacements due to bending,
wsh (X,t) Are displacements due to shear deformation.

The terms wa (%, t ) and ws ( X, t) are the higher terms to include sectional wrapping and all these

variables are measured at the mid surface of the beam z=0.

The displacement fields of the two theories are combined as follows:-

oW 78 ow 7° ow
u=u —7 bn _ sh _ 2
0 ox 3h? ox  5h* ox

W = Whp + Wep +(;_\|2n+2 w, +(-1)" [1—(;_?4_%1\ W, (3)
) i\
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Where, n=0 for the first theory and n=1 for the second theory.

The strain — displacement relationship for these theories as-
ou *w 2 0w 2° o*w
£ = 0 Z bn _ sh 2

x px o2 3nZ ox2  5h% ox?
€ _(2n+ 2) 2 _(_D)n (4-2n) 27y

n= Izl | T
[ 22\ow [ o 2 low S (e Tow
£n=|1- A L2 I

L h2jox [\h)  h[]ox I \h) |lox
The strain fields are rewritten as-

e, =60+ zet 4 2%% 4 2%°

_ 22n+1,1 3-2n, 3
£, =22"Nl4 2323

2n+2,2

£, =0+ 2% F 22" H 4 2% 2t

¢

Where,
¢9 = duo

2,
t‘:1__6an
! Ox 2
3 1 o'wy,
CETHT et
s_ 1 0%w,
! 5h4 ox2
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(6)

(7)

(8)
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=(2n+2)

2n+2

-1y (- 2n)

3
¢ 3 w
30 Wsh n aWh4 an )
€4 = —
Pk +(-1) &
& =~ aWsh (10)
4 }TT_E?X_
82 — 1 2n+2 aW;
e
ej —ow,
\ 6*( 1 \4 2n—| GW
{4 = _( 1) | | h | |_dx4_
) 1

The stress — strain relationship for the k™ layer is given as-

(& TQ Qo I*

XX 1 Qs 0 £ xx
|ngz% = Qolg 033 Q | <tzz% (11)
e L al L)

Where:-

Q11,0Q13,Q33 and Qa4 are the reduced material constants from the three dimensional orthotropic
elasticity matrix.

By the use of Hamilton‘s principle, the equation of motion is given as-

t

[6( -U)dt=0 (12)

0

Where, T is the kinetic energy and it is given as-
1

T= Jo(?+w)v (13)

v

Where, Uand W being time derivatives of u and w, and p is the density of the material.

U is the potential energy which is given as-
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u="1 (&

ZJ.V XX XX 7 1z Xz Xz

(¢ +( ¢ Hav (14)

Substituting equation (13) and equation (14) into equation (12) —

I (éu \(?VZ 2 Pw 5 2w )]
|((6£ +{ 0 +{ 0 )_p’ 0 _7 bn _ sh _ 2
wow = oz oowm oe) "ot oxdt 3h oxat  5h? oxat J
’(Géu 02w 23 o%w 25 o%w )
~Z—oxot" —3he—axet 5h4—a—ar% |
ow  ow [z ow, (1) 1X|( |4 zﬂa \|
o ||ff'§6vgbn +65€“+m | R
t
o O (e W}_@&L A
h—t— at lw) o a |l | ot )

Integrating the equation (15) by parts, and collecting the coefficientsdwn, § Wen, 0w

the equation of motion in terms of stress resultant are given as-

oN [ o« GEY | o%w | Fw )
_| | 0 _ | bn __ 3 sh 5 2 |=
ox L a2 oxat?  3n? axat?  5htoxat?
M [ & | dwo)
I
_8X9_+[\ ?Xgﬁ%"’ WOZWX%WW
bn — | sh — 2n+2 lp—42m  a=g

O atz 0 atZ h2n+2 atZ |_| h%-2n |J atZ

1 &L, (Q aQ\(|a3 | | a4w+| ow )
e o S & Ldn‘ oxot W 15h° ax2at? |
[ w Fw 1 Pw 1 ] w
_| |0 bn +|0 sh 4 2042 2 +( 1) |O_ 4-2n 4 |=

|_ 5t2 atz h2n+2 51:2 L| h4—2n |J atZJ
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and Owy ,

(16a)

(16b)



1 %P ont2y (A 8Qi_10Q ) (-1 u 1, dy | o 2" | , o zj
2 2 — n+2 1+ 2n+2 — K 4 |+ + + +
o | (—B—é* Woox ) L&If—lax&t@ |W 15° e + 3617 5000

| ow ow I ow
_| 2n+2 bn 4 2n+2 sh 4 4n+4 2 _|_( 1) 42 _ 41=0
|_h2n+2 8t2 h2n+2 8t2 fén+4 atZ ||_h2n+2 he U atZ J
(16d)
4-2n (Q 1 Q \ (1w
ﬁm"ﬂvz \\ hﬁ—@MI kawﬁ*ﬂé—H—r@q—@ 2l L Tow
0 — 4-2n I sh —| n+2 —6 | — 4-2n +_ 8-4n 4:0
k h4—2n ) atZ \ h2n+2 h6) atZ |_| h4-2n h8—4nj| atZ
(16e)

The laminate stiffness constants are given as-

(A,A A LA )=X:2aQ (L27,2°)dz

1 12 13 14 J 11
i=1 7
(A A ):Ezi+lQi (22”+1,Z3‘2”)d2
15 16 I 13
E
(B ,B ,B )=y Q' (22,2%2°)dz
1 12 13 I 11
i1 g
(B , B ):EZﬁlQi (22n+2124—2n)dz
“ 15 I 13
i1 4
NL z+1

(C11)= IZ:;, I Qill(zg)dz

NL Zi+1
Clz,Cls) Z J. Quis (22n+2,z6—2n)dz
i=1 Z
NL zi+l

(D11)=i2:1: I Qill(zlo)dz
(D.D ):EZ‘FQi (zzn*s,za*zn)dz

12 13

i=1 7
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NL Zi+l

(Fn): Z j Qi (26’4”)dz

(E JE 5=E ziJ:rlQi (24”+2,Z4)d2

1n 12 33
i=1 g

G .,G ,G ,G ,G )=nz10Q (1,222, 2% 42 )dz
( )=X 1@ ( )

11 12 13 14 15 J‘ 44
i=l z

(H ,H H )=Ezi+lQi (ZZn+4,ZG,Z6—2n)dZ
44

11 12 13
i=l gz

NL zi+l

(T)=2. I Ql, (28‘4” )dz

=1,

(R,R ): E Zilei (24n+4’ ZZn+6)dZ

11 12 44
i=l gz

NL z+1

(Sll,Slz)zz I QL (ZS’ZS—Zn)dZ

NL is the number of layers. The stress resultant defined as —

NL Zi+1

(NMLLP)Y=Y [ ¢w (L22%2°)dz

i-1 7,

NL zi+1

(Vl,Vz): Z Igzz (22n+1’ 7320 )dZ
(Q.Q.Q.Q.Q)=X=1¢ (L2222 )dz

1 2 3 4 5 Xz
i=1 z

The mass moment of inertia given as-

(|01 Il! |31 |41 |51 |61 |2n+21 |4—2n! |8! I101 |4n+41 I8—4n) =
NL Zi+1

> I p(L2,2,8 2,885,272, 12 8, 29, 24, 224 )dz

i=1 z;

(17)
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The equation of motion are expressed in terms of the displacement as follows-

A 62 o*w A Pw A Aw  2n+2  ow
13 $h 14 2 4 6\15_8X2_
11 x dn X T T e 3 18a
6>§1f4 ? (0 du on Fu I aw | ow ) (182)
(D A 4_|| Pl B— % gn_ 5 2 |=0
h4-2n U 6 0x | o ot oxot  3hoxot— 5Bh oxot )
&u dw B dw B dw 2n+2 @ n[4-2n1 w
+ Thonez 4 _(_ ) B 4
12?5(& 11?2_(# W Bha_ﬁfL " 8@\)/(v |Lth WlSWXZ_I ow | o'w
_ bn — | W o 2n+2 2

| 0+ bn + +__6 2 =
E oz 0 8’[2 || heve at2 1 L|o wb@tﬂ Loxot? 2 oxtot?  atPexa 5ht ox2ot?

(18b)
A & B w B dw _C a“w+|(G 26 G \ow_
13 0 12 bn 13 sh 11 2 1~ 12 14 sh
h? ox3  3h? ox*  9h* ax4 15h8 Joxt
ﬁ2n+2c G G _H _H VoW A égu *])a@X Lo dw )
o | 7 ) T ACTALD Aoy 6 ATTA |
KF h2n+2 h2n+2 h h2n+_z|182Wh6|—|_)( ol K 3h %thzw _|3h 6X8t 9h axeat 15h ox“ot” )
e P RO -
& ﬁt& IO—Sh o 1 k'o hé-2n }| 0
I o |h o
(18¢c)
o%u Ba 64% C od'w D a“w 2n+2 Oou  2n+2  Ow
M 5H—G@X—“G—15HLH—§-X— —25H8 axf2 _ pam AL o2+ w2 B n
(2n+2  + LHPw o [4n+4 LR 2R _ST|Pw
|K3TTWC12 hﬁz Yy hzn% | ﬁ){Zsh—| | y Dy, |:4n1+]4 hﬁ 138 |§)(
n| 4=2n G H G ow n+2 2n+2)(4-2n
+(_1) |_ D13+ B 12 144 12 | 4 _ (1) ( )( )E W,
R TR L e hH"U “ow hzﬁ“ﬁ ow | ab‘w K "|82w—|
+|_ 56 02+ 64 2bg+ 86 2 2 8 2 % |_| 5-2122 an+ %?1:-% 2 i 42;44i 2 |
\_ 5h° oxot®  Bh* ox“ot®  15h° ox“ot 25h oxeot® ) Lh ot h ot Lhi4 1] a2 |
+(= ol | | ) oPw
1) 2042 T 6 4 =

|\ h2n+2 hG) atZ (P
(18d)
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4-2n 5 8u0 4-2n, Aw [ 4- 2nC H 16w

16 R B15 4,200 4 11 zsh
o S Bl Mg T o ﬁs\h@zn P T

4

1y 18 14 Ly D 2+|(:|.) |Gu—-__ (1 IG 1 ||
(ZW -2n )?ﬁ 2H3n+2 h4( ) |((4h§_§h)J\§X |_ (I kl ?8 (I hA 2n k\ W h4-2n )J ox2
e PO e ) 1 e ) e
(1 _IG\(’}ZW ~(= vl é{ h*= |/ \11524 K| h U ot K|° h |) ot

2 hehoxt Y R e O 15
18e

Analytical solution of the equation of motion [55]

Closed form solution for the above equations can be obtained for a simply supported beam by
assuming —

o=, A(t)cos px, (Won, Wen, W2, Wa )

= Z(B (t),C(t), D(t), E(t))sin px (19)

Where, p= on

a

After substitution equation (19) into equation (18) , the following sets of equations is obtained-
[K}{x}+[m]{x}=0 (20)

Now the elements of the stiffness matrix [K] are given as-

— _p? - p3 K =pd A K 3A 2n+2
K11 P A11 ' Klz P A12 ' 13 P 3_hl§ ' 14 =P 5;:4 WAH
nr4—2n1
K =(-1) A, K —_pB , K :_p4i, K :—p4B_13_p2 n+2 ,
15 ||_h4—2n |J 16 22 1 23 3h? 24 5h4 h22 14
K (1) 2l d=2nlg p'Bu p (6 % _Gu)
25 ||_h4—2n U 15 3 oh* — 2|\ 12 Fﬂ
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34=—p4 Cll (2n+2 L+ G _G14 Hy n H, \,
|k 2 A4 —2a _s_}
K :_(_1)ﬂ p2 |__ ﬂ"’G —(ﬁ_ Gls — H13 —|
35 | ] he2 gp2 U 2 pe2n hS_TU
K =—p* Du _ z|_4n+4D n Ry _ 2Ry Sll—| 2n+2E
44 25h8 |_4 | Lq5h2n+6 12 h4 n+4 h2n+6 h8 |J h2n+2 1
K =-p ( ) D +613 _Hy 14+ Sp ] v (2n+2)(4-2n)
_ -1
45 ||_5h8—2n B h™ TR ht he2n 1] ( ) h®
[ G 1 T Y] 4-2n)Y
K55=—p2\(—1) (Gl 15 | ( 1) h42n|Gls ||—( ) ((h42n) | Fn'
4-2n 4-2n
LoL Yy L] \ )
And the mass matrix written as-
o .
i (-1 +p2) () +%ﬁ_ﬁ N LN
| 4 2n+2 p2 6
| I (o 2 } 0 3—th l\lh s T
[M]=|p ) I +p? Is ) I +p? Is ) M2 4 2 Is

Lth—Z 35h6
| I

n+4 _pZ 8 ?

S S

n o _29:2 h6 4ns4
AT AR A R i S E
i Lo pean ) Lo piean ) (pz 255

And the displacement vector are expressed as-

{(X}={A B C DE}

{}={A BCDE
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4-2n

(- 1)”to e

0 h4 —2n

(1)“M_ 2 1)

—2 P sl |
|kh 21 215h }\.
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It is assumed that to find the solution of equation (20)
{ABCDE}={A By C, D, Eoje™"
Where, Ao Bo Co Do Eo are the constants, and wn is the natural frequency.

By substituting the values for A, B, C, D and E into equation (20) the natural frequencies and the
corresponding mode shapes can be obtained [54].

Finite element formulation[54]

For the present analysis we assumed, each element having two nodes and each node having eight
degrees of freedom. Linear polynomials are used for the nodal variables uo and ws and hermite

cubic polynomials are used for the other nodal variables of the elements.

The displacements fields given are rewritten in the matrix form as-

{Us} = [2a ]{a) )

U, ={u ) #2)
r1 0 _2_3 - i 0 1

[Zd ] :’ 2 0 3h’ (_Z\Ozmz %ﬁA_ (_1)n (1_(£\4—2n\| (23)
0101 0 LhJ | th| ||

{M%%%M%W%M} (21

The strain field associated with equation (21) is given as-

{e)=zs |{x} (25)
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0.,1.,3,5,1,3.0.1.,2.3
{K}={E1E TR S S A R S

From equation (18) we get-

T

Where the stress resultant {Sq } given as-

B2y | [jzl I 2z It
=[Do J{k}
Where
2 Jloliz e

ZJ

{Se}={NML ViV Qu Q Qs Qs Qs}

Now substituting equation (30) into equation (29)-

iU &) [D]{S o
d:bL o d
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(27)

(28)

(29)

(30)
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From equation (13)-

t
[iTavat =j0jp(u5u+ v wdvdt
' "o ju MU bdvdt

I e

v

__p][{d} [z(ki]T [z,]{d }dth\ (32)

T

pb[[{5d} | \j [zis] [Zis ]dz ‘{)dm}dxdt

Ot——) ~

Here the mass moment of inertia matrix —
[l J=pu:fz ][z ]dz

T

(33)

Now substituting equations (31) and (32) into Hamilton‘s principle, the expression for the

equation of motion is given as-

pﬁ{ad}T L moi]{oﬂ}dxdubjjx{ax}T [D ¢} dxdt =0
00 00 (34)
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Derivation of stiffness and consistent mass matrices [55]

The displacement vector within an element can be expressed in terms of the nodal degree of
freedom as-

(35)

Where,

1 0 0 0]

{0 1 0

| 0

0 &x 0 0

’0 0 1 0
[2]-! 0

0 0

| x V0

o 0 o 1 ol

o
o
o
o
o
P
=
e
N
o
O O OCcC
o
o
P
w
=
ESS
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And the nodal degree of freedom given by-

{Q}:[UW (aan\W (OWsh ) ... w o [(owz) ]

w

The strain curvature vector within an element is given as-

p=[B]{o}
Where,
10 0 0 0 1
62
0 0 0 0 |
aXZ |
1 92
o o0 _ 0 0 ‘
3h2 9x? 1 02 |
0 0 0 4 0
5h ox
2n + 2 '
0 0 0 h2ns2 0
o o 0 0 (-1)"* (4-2n) |
[]:| IL1|4—2n I[N
| d " 0 |
0 ~1
o0 1) o |
o o -9 0 0 |
h 0x
L e |
0 0 _ 0
h2n+26x ‘
1 9
0 = 0
° ° h* ox (-1 0 (36)
0 0 ) e |
0 0 |
L h4-2n  ax |
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Equations of motion [54]

To derive equation of motion using Hamilton‘s principle, equation (36) and (35) are substituted
into equation (34)-

”(55{ FARIIND [ T {6})dxdt+bjf( ~[B] [D,][BJi{s })(Txdt:O

And also we can write:-
M KT ) -

Where the element mass matrix and stiffness matrix are given as-

NL
el T T

(M1 =bX [{[IIN]} [1a] {21V Tjox

NL

(37)

el

[K] =b;1j[5] [Do ][B Jcx

. . 1/2
Non dimensional natural frequency =w=w a? rp /(4E hz)—| :

- o
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Chapter 4

COMPUTER PROGRAM



COMPUTER PROGRAM FOR THE LAMINATED COMPOSITE BEAM

8 Analysis Systems
8 Coupled Field Static
& Coupled Field Transient % A

& Rigid Dynamics
& static Acoustics
@ static Sructural

Boundary Condition
The material properties are assigned to the beam and boundary conditions are defined. The beam‘s all degrees of freedom on
surface are taken. They are denoted with the blue flag. This condition prevents the movement of the surface in a space

1. Steel Alloy SM-1 (0.6m X 0.030m X 0.008m)
I. Modulus of Elasticity, E =210 GPa SM-2 (0.6m X 0.030m X 0.004m)
I1. Density, p = 8030 Kg/m3 SM-3 (0.42m X 0.030m X 0.008m)
I11. Poisson‘s Ratio, v =0.30 SM-4 (0.42m X 0.030m X 0.004m)
2. Carbon Fiber Reinforced Plastic  SM-5 (0.6m X 0.030m X 0.008m)
I. Modulus of Elasticity, E = 220 GPa SM-6 (0.6m X 0.030m X 0.004m)
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I1. Density, p = 1720 Kg/m3 SM-7 (0.42m X 0.030m X 0.008m)

I11. Poisson‘s Ratio, v = 0.33 SM-8 (0.42m X 0.030m X 0.004m)

1. Steel Alloy SM-9 (0.6m X 0.030m X 0.016m)

I. Modulus of Elasticity, E =210 GPa SM-10 (0.6m X 0.030m X 0.016m)

I1. Density, p = 8030 Kg/m3 SM-11 (0.42m X 0.030m X 0.024m)

I11. Poisson‘s Ratio, v =0.30 SM-12 (0.42m X 0.030m X 0.024m)

2. Carbon Fiber Reinforced Plastic  SM-13 (0.6m X 0.030m X 0.032m)

. Modulus of Elasticity, E =220 GPa  SM-14 (0.6m X 0.030m X 0.032m)

I1. Density, p = 1720 Kg/m3 SM-15 (0.6m X 0.030m X 0.032m)

I11. Poisson‘s Ratio, v =0.33 SM-16 (0.6m X 0.030m X 0.032m)

Meshing
By using the spatial element, ANSYS automatically generates the mesh on the beam. 10 nodes

that each have three degrees of freedom define the element. It is appropriate for modelling the
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finite element irregular mesh since it exhibits quadratic shifting behaviour.

3. Post processing:

This menu is helpful to find the output of the problems. Such as —
1 Result summery

2 Failure criteria

3 Plot results

4., List results

5 Result summery

6 Nodal calculation.

We found the output natural frequencies and mode shapes after the application of thismenu which is

shown in chapter 5, result and discussion.
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Chapter 5

RESULT AND DISCUSSION



RESULT AND DISCUSSION

MODELLING ANALYSIS

ANSYS, Inc. is an engineering modelling and simulation software that offers engineering
simulation solution sets in engineering simulation that a design process requires.[1] Here, we are
using ANSYS WORKBENCH 14.0 in which modelling of beam is done in geometry component
system, material is selected from engineering data library and simulation & analysis is performed
in modal analysis system from where we obtained natural frequency and mode shapes for all
specimens of both materials

Steel Alloy & Carbon Fiber Carbon Fiber & Steel alloy

ANSYS

2020Rt

ANSYS ANSYS

2020R1 2000 Rt

56



. A

ANSYS

00kt

ANSYS

020R1

s
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ANSYS

20081
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2020t
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Steel Alloy ,Carbon Fiber & Steel Alloy
ANSYS

00/

ANSYS

0208

Carbon Fiber Steel Alloy Carbon Fiber

ANSYS

0R
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Carbob fiber, steel alloy , steel
alloy, Carbon fiber

Carbon Fiber, Steel Alloy,
carbon fiber , Steel alloy

Carbon fiber , carbon fiber,
steel alloy, steel alloy
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BEAM DEFINED :

A=STEEL ALLOY + CARBON FIBER REINFORCED PLASTIC

A’=CARBON FIBER REINFORCED PLASTIC + STEEL ALLOY

B=STEEL ALLOY + CARBON FIBER REINFORCED PLASTIC + STEEL ALLOY

B’ = CARBON FIBER REINFORCED PLASTIC + STEEL ALLOY + CARBON FIBER REINFORCED
PLASTIC

C = CARBON FIBER REINFORCED PLASTIC + STEEL ALLOY + STEEL ALLOY + CARBON FIBER
REINFORCED PLASTIC

C’> = CARBON FIBER REINFORCED PLASTIC + STEEL ALLOY + STEEL ALLOY + CARBON FIBER
REINFORCED PLASTIC

C” = CARBON FIBER REINFORCED PLASTIC + CARBON FIBER REINFORCED PLASTIC + STEEL
ALLOY + STEEL ALLOY

Graph between A&A®

Fr

eq 50

u e 40

nc 30

\ 20

(K 10

W 0

Z) 12 25 36 47 57 65

Mode Shape

61



60

50

40

30

20

10

60

50
40
30
20
10
0
12 25 36 47 57 65
Mode Shape
Graph between B&B*
Graph between C,C‘&Cl
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Mode Shape
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Chapter 6

CONCLUSION AND SCOPE FOR THE FUTUREWORK



CONCLUSION

(1) The model of the cantilever beam was modeled in the programs ANSYS .

(2) Equal mesh was used 10 mm for all the beams ,

(3) it was automatically generated regular mesh

(4) The modal analysis of the Laminated cantilever beam was executed for six mode shapes and their
natural frequencies were computed.

(5) Mode shapes of the steel alloy and carbon fiber reinforced plasitic cantilever beam A & A’ are
identical for both programs.

(6) Mode shapes of the steel alloy ,carbon fiber reinforced plasitic & Steel alloy cantilever beam B
& B’ are not identical. B’ is higher frequency than B beam so B beam is more sutiable

(7) Mode shapes of the steel alloy ,carbon fiber reinforced plasitic & Steel alloy cantilever beam
C,C’,C” are not identical. C has higher frequency than C’ & C” beam,

(8) In case of C’ & C” for first few mode C’ has less frequencies but as Mode is increases Frequency
is also increases compared to C” so C’ is sutiable for low mode and C” is suitable for higher

mode.
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Scope for the future work:-

1. An analytical formulation can be derived for modelling the behaviour of laminated
composite beams with integrated piezoelectric sensor and actuator. Analytical solution
for active vibration control and suppression of smart laminated composite beams can be
found. The governing equation should be based on the first-order shear deformation
theory (Mindlin plate theory),

2. The dynamic response of an unsymmetrical orthotropic laminated composite beam,
subjected to moving loads, can be derived. The study should be including the effects of
transverse shear deformation, rotary and higher-order inertia. And also we can provide
more number of degree of freedom about 10 to 20 and then should be analyzed by higher
order shear deformation theory.

3. The free vibration characteristics of laminated composite cylindrical and spherical shells
can be analyzed by the first-order shear deformation theory and a meshless global
collocation method based on thin plate spline radial basis function.

4. An algorithm based on the finite element method (FEM) can be developed to study the
dynamic response of composite laminated beams subjected to the moving oscillator. The
first order shear deformation theory (FSDT) should be assumed for the beam model.

5. The damping behavior of laminated sandwich composite beam inserted with a visco -

elastic layer can be derived.
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